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BOOK VL — LINES AND PLANES IN SPACE. 



1. TH£ POSITION OF A PLAITE IN SPACE. THE STRAIGHT 
LINE AS THE INTERSECTION OF TWO PLANES. 

328. Definitions. Through three points, not in a straight 
line, any number of surfaces may 

be imagined to pass. / — -7" "^ v^^ v 

For example, through the points A, B, / A^ B — \ 

C the surfaces P and S may be imagined ''^ J 

to pass. 

329. A plane surface (also called a plane) is a surface which 
is determined by any three of its points not in a straight line. 

In the figure, P represents a plane, for it is determined by the points 
A, B, C. But 8 does not represent such a surface. 

A plane is, of course, supposed to be indefinite in extent. 

This definition, and the following postulates, are repeated, for con- 
venience, from the Plane Geometry. 

In drawing a figure it should be remembered that a plane, 
like a line, has no thickness, and that it is indefinite in extent. 
Nevertheless, it aids the eye in understanding the figure, if we 
represent the plane as a rectangle, lying in perspective, and 
having a slight thickness. 



Exercises. 622. Show that if there are given four points in space, 
no three being coUinear, the number of distinct straight lines determined 
by them is six ; if there are five points, the number of lines is ten. 

623. Hold two pencils in such a way as to show that a plane cannot, 
in general, contain two straight lines taken at random in space. 

244 
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330. Postulates of the Plane. (See § 29.) 

1. Three points not in a straight line determine a plane, 

2. A straight line through two points in a plane lies wholly 
in the plane. 

3. A plane mpby he passed through a straight line and 
revolved about it so as to include any assigned point in space, 

4. A portion of a plane may he produced, 

5. A plane is divided into two parts by any one of its 
straight lines, and space is divided into two parts by any plane. 

331. Solid Geometry treats of figures whose parts are not 
all in one plane. 

Proposition I. 

332. Theorem. A plane is determined by a straight line 
and a point not in that line. 




Given the line AB, and the point P not in that line. 

To prove that AB and P determine a plane. 

Proof. 1. Only one plane contains pts. A, B, and P. § 330, 1 
(§ 330, 1. Three points not in a straight line determine a plane.) 

2. And that plane contains line AB, § 330, 2 

(§ 330, 2. A straight line joining two points in a plane Ues wholly 
in the plane.) 

3. .'. only one plane contains AB and P. 

333. Definition. Lines or points which lie in the same plane 
are said to be coplanar. 
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Corollaries. 1. A plane is determined by two intersecting^ 
lines. 




Let the lines AB, CD intersect at O. 

Then only one plane contains AB and C Prop. I 

And that plane contains -the point O, for O lies in the line AB. 

§ 330, 2 
And since that plane contains C and O, it contains CD. § 330, 2 

2. A plane is determined hy two parallel lines. 

For the parallels lie in one plane, by definition (§ 82). 
And only one plane can contain these parallels, since a plane is deter- 
mined by either line and any point of the other. 
Draw the figure. 

Z. If a plane contains one of two parallel lines and any 
point of the other, it contains both parallel lines. 

For it must be identical with the plane determined by the two paral- 
lels ; otherwise more than one plane could contain either parallel and any 
point in the other. 



Proposition II. 



334. Theorem. The intersection of two planes is a straight 
line, / 




Given two intersecting planes, M, N. 

To prove that their intersection is a straight line. 
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Proof. 1. Let P be a point common to M and N. 

Then a pencil of lines through P, in the plane iV, 
must lie partly on one side of M and partly on the 
other, because ilf divides space into two parts. 

§ 330, 6 

2. Hence, in general, a line connecting a point in the 
pencil on one side of M, with a point on the other 
side, must cut M at some other point than P, — 
say at Q, 

3. Then M and iV have two points in common. 

4. Then every point in the straight line through P and 
Q lies in plane M, § 330, 2 
and also in plane iV, for the same reason. 

6. .'. the straight line P© is common to both planes. 

6. If there were any point not in FQy common to M 
and iV, the planes would coincide. Prop. I 

Corollary. A point common to two planes lies in their 
line of intersection. 
Proved in step 6. 

Exercises. 524. State the four methods, already mentioned, of 
determining a plane. 

525. Is it possible for three planes to have a straight line in common ? 
Draw a figure to illustrate. 

526. If two planes have three points in common, will they necessarily 
coincide ? 

527. Four planes, no three containing the same line, intersect in pairs ; 
how many straight lines do they determine by their intersections ? 

528. What is the only rectilinear polygon that is necessarily plane ? 
Why? 

529. Prove that all transversals of two parallel lines are coplanar with 
the parallels. 

530. What is the reason that a three-legged chair is always stable on 
the floor while a four-legged one may not be ? 
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Proposition III. 

335. Theoiem. If three planes^ not containing the same 
line^ intersect in pairs^ the three lines of intersection are 
either concurrent or parallel. 



Given planes AD, CF, EB, intersecting in AB, CD, EF. 

To prove that AB, CD, EF are either concurrent or parallel. 

Proof. Case I. If CD meets AB, as at 0, to show the three 
lines concurrent. 

1. •.• O is in AB, it is in plane EB. § 330, 2 

2. Similarly, '.• O is in CD, it is in plane CF. Why ? 

3. •.• is in planes EB and CF, EF passes through O. 

Prop. II, cor. 

4. .\ AB, CD, EF are concurrent in 0. 

Case II. If CD II AB, to show the three lines parallel. 

1. If AB were not II EF, CD would pass through their 
common point. Case I 

2. But this is impossible, for CD II AB, Given 

3. If CD were not II EF, AB would pass, through their 
common point. Case I 

4. But this is impossible, for CD II AB, Given 

5. .*. as no two can meet, and as each pair is coplanar, 
they are parallel. Bef. II lines 

Corollary. If two intersecting planes pass through two 
parallel lines, their intersection is parallel to these lines. 
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Proposition IV. 

336. Theorem. Lines parallel to the same line are parallel 
to each other. 




Given ' AB II EF, CD II EF, 

To prove that AB II CD. 

troof . 1. AB and FF determine a plane. Prop. I, cor. 2 

(A plane is determined by two II lines.) 

2. CD and FF determine a plane. Why ? 

3. AB and any point C of CD determine a plane. 

Prop. I 

4. Suppose this last plane to intersect plane FD in CXy 
another line than CD. 

Then CX would be II to both FF and AB. 

Prop. Ill, cor. 
(If two intersecting planes pass through two II lines, their intersection 
is II to these lines.) 

5. But '.• CZ> 1! FF, this is impossible. 

Post, of parallels 

(§ 85. Two intersecting straight lines cannot both be II to the same 
straight line.) 

6. .*. CD is the intersection of the planes through AB 
and Cy and FF and C, 

and .-. CD II AB. Prop. Ill, cor. 



Exercise. 531. Why will not the proof of this theorem as given in 
plane geometry apply to this case in solid geometry ? 
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Proposition V. 

337. Theorem. If two inter»ecting lines are respectively 
parallel to two others^ the angles made by the first pair are 
equal or supplementai to those made by the second pair. 




Given two intersecting lines x, y, respectively parallel to 
two other lines x\ y\ 

To prove that the angles made by x and y are equal or supple- 
mental to those made by x^ and y\ 

Proof. 1. Suppose the intersections and 0' are joined, and 
from any points A, B, on x, y, parallels to 00^ are 
drawn. 

2. '.'00', X, and x' are coplanar (Why ?), the parallel 
from A meets a;' as at A'. Similarly, B' is fixed. 

Prop. I, cor. 3 

3. Draw AB, A'B'. 

'.' AA' II 00', and BB' II 00', .'. AA' II BB'. Prop. IV 

4. 'rOA',OB'axe[s],.\AA' = 00' = BB'. I,prop.XXIV 

5. .-. ABB' A' is a O. I, prop. XXV 

6. .'.0A = O'A', OB = O'B', AB = A'B'. I, prop. XXIV 

7. .-. A ABO ^ A A'B'O', and Z AOB = Z A'O'B'. 

I, prop. XII 
After proving one pair of angles equal, the rest are 
evidently equal or supplemental by the theorems con- 
cerning vertical and supplemental angles. 
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2. THE RELATIVE POSITION OF A LINE AND A PLANE. 
Proposition VI. 

338. Theorem. Jff^ a line is perpendicular to each of two 
intersecting lines^ it is perpendicular to every other line 
lying in their plane and passing through their point oj 
intersection. 




Given x and z, two lines intersecting at 0, and w perpen- 
dicular to X and to z ; also y, any line through 
coplanar with x, z. 

To prove that w l^y. 

Proof. 1. On w suppose OP^ = FO-, let any transversal cut 
X, y, z Si,t A, B, C; join P and F' with A, B, C. 

Then AF = AF, and CF = CF. I, prop. XX, cor. 6 

2. And -r AC = AC, 

.-. A ACF ^ A ACF. I, prop. XII 

3. .'.by folding A ACF over J C as an axis, it can be 
brought to coincide with A ACF', § 57 



4. r.ABOF^ABOF', 

and Z FOB is a rt. Z, and w A-y. 



I, prop. XII 
Why? 
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339. Definitions. A line is said to be perpendicular to a plane 
when it is perpendicular to every line in that plane which 
passes through its foot, — i.e. the point where it meets the 
plane. The plane is then said to be perpendicular to the line. 

If a line meets a plane, and is not perpendicular to it, it is 
said to be oblique to the plane. 

Corollaries. 1. If a line is perpendicular to each of two 
intersecting lines, it is perpendicular to their plane, 

2. The locus of points equidistant from two given points is 
the plane bisecting at right angles the line joining those points. 



Proposition VII. 

340. Theorem. If a line is perpendicular to each of three 
concurrent lines at their point of concurrence^ the three lines 
are coplanar. 

^ _^ 

N 




Given OY±OA,OB,OC, 

To prove that OA, OB, OC are coplanar. 

Proof. 1. Suppose Jf the plane determined by OA, OB; and 
N the plane determined by OY, OC, 

Suppose that OC is not in M, and call OX the inter- 
section of M and N. 
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2. Then must OY ± OX. Prop. VI 

3. But •.' OYA^OCy this is impossible. Prel. prop. II 

4. .*. it is absurd to suppose OC not in M with OA 
and OB. 

Corollaries. 1. Lines perpendicular to the same line at 
the same point are coplanar. 

2. Through a given point in a plane there cannot be drawn 
more than one line perpendicular to that plane. 



N Pq 



Suppose OP and OQ ± plane M. Then each would be perpendicular 
to OX, the line of intersection of their plane N with the given plane Jf, 
thus violating prel. prop. II. 

3. Through a given point in a line there cannot he drawn 
more than one plane perpendicular to that line. 

For if two planes could be drawn perpendicular to the line, then three 
lines in each would be perpendicular to the given line, and hence the two 
planes would coincide. 

Exercises. 532. Prove that if the hand of a clock is perpendicular 
to its moving axle, it describes a plane in its revolution. Prove the 
converse. 

533. How many straight lines are determined by six points, three 
being coUinear? 

534. How many planes in general are determined by four points in 
space, no three being coUinear? 

535. In the left-hand figure of prop. Ill, suppose point to move 
farther from JBDF, and to continue to do so indefinitely. What is the 
limiting figure which the left-hand figure is approaching? 
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Proposition VIII. 

341. Theorem. Lines perpendicular to the same plane are 
parallel, 

A 
Yn 




Given OY, XA ± plane MN at 0, X 

To prove that OYWXA, 

Proof. It is necessary first to show that OY, XA are 
coplanar ; then that they are _L to OX, 

1. L6t XZl. OX in plane MN, and = OY, 
Draw OZ, ZY, XY, 
\' XZ = OY, OX = OX, 

zxor=zoxz = It. Z, 

'.AXOY^AOXZ, 

OZ = XY. I, prop. I 

•.• ZY= ZY, .-. A XFZ^ A OZY, 
Z rXZ = Z ZO r = rt. Z. I, prop. XII 

.-. XA, XY, XO are coplanar. Why? 

'. YO lies in that same plane. § 330, 2 

••• YO and ^X± OX, § 339 

.*. FO II AX, and similarly for all other Js. 

I, prop. XVI, cor. 3 

Corollary. From a point outside of a plane, not more 
than one line can he drawn perpendicular to that plane. 



2. 


Then 




and 


3. 






and 


4. 


And 




and 


6. 




6. 


But 
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Proposition IX. 



342. Theorem. If one of two parallel lines is perpendicu- 
lar to a plane^ the other is also. 





Y 




r 


/A"^^ 





A-^ 


0' \ 


/b-^ 




B'y 


\ 


M 









Given OY\\0'Y',OY± plane MN at 0, and 0' T meeting 
plane MN at 0\ 

To prove that OT ± MN. 

Pitxrf. 1. Let OA, OB be any lines from 0, in MN, O'A' II OA, 
and O'B' II OB. 

2. Then A YOA, YOB ai-e rt. A. § 339 

3. But Z YOA = Z Y'O'A', Z YOB = Z F 0'^'. Prop. V 

4. .\A Y'O'A', YO'B' are also rt. A, Prel. prop. I 
and 0'Y'±MN §339 

343. Definitions. The projection of a point on a plane is the 
foot of the perpendicular through that point to the plane. 

The projection of a line on a plane is the locus of the pro- 
jections of all of its points. 



Exercises. 536. Are lines which make equal angles with a given 
line always parallel ? (Answer by drawing figures to illustrate.) 

637. Show how to determine the perpendicular to a plane, through a 
given point, by the use of two carpenter's squares. 

538. Prove prop. VI on the following outline : Assume B on y, and 
draw ABC so that AB = BC (How is this done?); prove 2'PB^ + 
2'BC^ = PA^ -^ PC^ = 2P02 + 0C2+ OA^ = 2'PO^ + 20B^ + 
2JBC2; .', PB^ = PO^ -{■ OB^; .-. Z P05 is a rt. Z. 
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Proposition X. 

344. Theorem. The projection of a straight line on a plane 
is the straight line which passes through the projections of 
any two of its points. 



B/ 




Given A\ F', B\ the projections of A, P, B, points in the 
line AB, on the plane MN, 

To prove that P' is in the straight line A^B\ 

Piwf. 1. ^^' II P^MI PP'. Why? 

2. /.A, A\ B, B' are coplanar. Prop. I, cor. 2 

3. .*. P is in that same plane. Why ? 

4. .*. PP' is in that same plane. Prop. I, cor. 3 

5. .'. A', P'y B' are collinear. Prop. II 

Corollary. If a line intersects a plane, its projection 
passes through the point of intersection, 

345. Definitions. The smallest angle formed by a line and 
its projection on a plane is called the inclination of the line to 
the plane or the angle of the line and the plane. 

A figure is said to be projected on a plane when all of its 
points are projected on the plane. 

The plane determined by a line and its projection on another 
plane is called the projecting plane. 

In the figure of prop. X, ZROB is the inclination of A Bio MN, The 
plane detennmed by AB, A'B' is the projecting plane. 



Prop. XI.] LINJSS AND PLANES IN SPACE. 257 

Proposition XI. 

346. Theorem. Of all lines that can be drawn from a 
point to a plane, 

i. The perpendicular is the shortest ; 

2. Obliques with equal inclinations are equM, and conr 
versely ; 

S. Obliques with equal projections are equal, and con- 
versely. 




1. Given PO ± plane MN, PX oblique to MN. 
To prove that PO < PX 

Proof. •.• Z XOP = rt. Z, (Why?) .'.PO<PX. I, prop. XX 

2. Given PO ± MN, ZPYO = Z PXO. 

To prove that PY=PX, which is true because APOY^ 
A POX, I, prop. XIX, cor. 7 

Conversely : Given PO ± MN, PY= PX. 

To prove that APYO = APXO, which is true because 
APOY^APOX. I, prop. XIX, cor. 5 

3. Given PO ± MN, 0Y= OX 

To prove that PY=PX, which is true because APOY^ 
A POX. I, prop. I 

Conversely ; Given PO ± MN, PY=PX. 

To prove that OY==OX, which is true because APOY^ 
A POX. 1, prop. XIX, cor. 5 
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Proposition XII. 

347. Theorem. From a point to a plane^ 

1, Of two obliques with uneqiuil inclinations, that having 
the greater inclination is the shorter, and conversely ; 

2, Of two obliques with unequal projections, that having 
the longer projection is the longer, and conversely. 




1. Given PO 1. MN, PF and PA two obliques such that 
APAO> APYO. 

To prove that PA<PY, 

Proof. 1. Suppose X taken on OA so that 0X= OY. 

2. Then A POX^ A PO F, and PX=PY. Why ? 

3. But PX, and .-. its equal PF, > PA. I, prop. XX 
Conversely : 

Given PO 1. MN, PY and PA two obliques such that 
PA < PY. 

To prove that Z.PAO> APYO. 

Proof. 1. Suppose X taken on OA so that 0X= OY. 

2. Then APOX^APOF, /.PXO = Z.PYO, and 
PX=-PY. ' Why? 

3. .-. PA < PX, \' PA<PY. Given 

4. X cannot fall on A, for then PA = PX 

5. Nor between and A, for then PA > PX, Why? 
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6. .'. ^ is on OA produced, 

and ,\/.PAO>Z PXO, I, prop. V 

7. ,\/.FAO> ZPYO. Subst. 

2. Given FO ± MN, FY and FA two obliques such that 
OA < OY, 

To prove that FA<FY. 

Proof. 1. Suppose X taken on OA so that 0X= OY. 

2. Then A POX ^ A PO F, and PJT = P T. I, prop. I 

3. And / OA<OY, or OX, 

.'. FA <FX, 01 FY. Why? 

Conversely : 
Given FO ± MN, FY and FA two obliques such that 
FA < FY. 

To prove that OA < OY. 
Proof left for the student. 

Definition. The length of the perpendicular from a point to 
a plane is called the distance from that point to the plane. 

E.g. in the figui'e on p. 258, the distance from P to MN is the length 
of PO. 

Exercises. 539. Prove that if three concurrent lines meet a fourth 
line, not in the same point, the four lines are coplanar. 

540. Why does folding a sheet of paper give a straight edge ? 

541. Suppose it known that a point P is in each of the three planes 
X, Y, Z. Is P probably fixed ? Is it necessarily fixed ? 

542. If the triangles ABC, A'RC\ in different planes, are such that 
AB and A'R meet when produced, as also BC and RC% and CA and 
C'A% then the lines AA% BR, CC are either concurrent or parallel. 

543. How many planes are determined by n concurrent lines, no three 
of which are coplanar ? 

544. If a line cuts one of two parallel lines, must it cut the other ? If 
it does, are the corresponding angles equal ? 
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Proposition XIII. 

348. Theorem. The acute angle which a line makes with 
its own projection on a plane is the least angle which it makes 
with any line in that plane. 




Given the line AB, cutting plane P at 0, A'B^ the projec- 
tion of AB on P, and XX' any other line in P, 
through 0. 

To prove that ZA'OA<ZXOA, 

Proof. 1. Suppose A' the projection of A, OX made equal to 
OA'y and AX, A A' drawn. 

2. Then AA' < AX. Prop. XI, 1 

3. .*. in A OXA and OA'A, we have 

0X= 0A\ OA = OA, and AA' < AX, 

.-. Z A'OA < Z XOA. I, prop. XI 



Exercises. 545. The obtuse angle which a line makes with its own 
projection (produced) on a plane is the greatest angle which it makes 
with any line in that plane. 

546. In a given plane, to determine the locus of points equidistant 
from two fixed points in space. 

547. Prove prop. IX by supposing CKF' not perpendicular to MN^ but 
supposing another line O'Z from CK JL to MN ; then prove that O'Z would 
be parallel to OF, which would violate § 85, and hence be absurd. 

548. As a special case of prop. X, suppose -4jB JL MN ; what would 
be its projection and its inclination ? 



Prop. XIV.] LINES AND PLANES IN SPACE. 261 

Proposition XIV. 

349. Theorem. Parallel lines intersecting the same plane 
are equally inclined to it. 




M 

Given two parallels, FA, F'A', intersecting a plane MN at 
A, A'-, and 0, 0' the projections of F, F\ 

To prove that Z.PAO = Z.rA'0\ 

Proof. 1. -.-PO and P'O'XJfA; 

.-.PO 11 P'O'. Why? 

2. .-. Z OF A = Z O^F'A', Prop. V 

(Let the student complete the proof.) 

350. Definition. Two straight lines, not coplanar, are re- 
garded as forming an angle which is equal to the one formed 
by either line and a line drawn, from a point upon it, parallel 
to the second. 

E.g. in the figure of prop. XIV, the angle made by ^0 and FA' is 
considered as /. FA'CT or Z PAO. 



Exercises. 549. Parallel line-segments are proportional to their pro- 
jections on a plane. 

550. In general, which is the longer, a line-segment or ita projection ? 
Is there any exception ? 

551. Show how, with a 10 ft. pole marked in feet, to determine the 
foot of the perpendicular let fall to the fioor from the ceiling of a room 
8 ft. high. 

552. Show how a line 1 in. long and another 2 in. long may have 
equal projections on a plane. 

553. If any two lines are parallel, respectively, to two others, an angle 
made by the first pair equals one made by the second. 
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Proposition XV. 

351. Theorem. If a line intersects a plane^ the line in the 
plane perpendicular to the projection of the first line at the 
point of intersection is perpendicular to the line itself 




Given AB intersecting the plane MN at A, B' the projec- 
tion of B on MN, and 2>C ± AB' at A. 

To prove that DC ± AB, 

Proof. 1. On DC let EA = AE' ; join E, E' to B and B', 

2. Then A AB'E ^ A AB'E, and EB' = E'B'. Why ? 

3. Then A EBB' ^ A E'BB', and EB = EB, Why ? 

4. Then A E'AB ^ A EAB, and Z j^'^^ = Z BAE, 

Why? 
6. .*. 2>C i. AB, by defs. of rt. Z and i.. 

352. Definition. A line is said to be parallel to a plane when 
it never meets the plane, however far produced. In that case, 
also, the plane is said to be parallel to the line. 



Exercises. 554. Prove prop. XV on the following outline: draw 
through R a line II to DC ; prove this parallel perpendicular to plane 
ARB ; .'. DC ± plane ARB, .-. DC ± AB, 

555. Prove prop. XV by showing that AE'^ -f AB^ = BE"^, and that 
therefore Z WAB is right. 

556. In the figure of prop. XV prove that the area and perimeter of 
A ARB are respectively less than those of A EWB, 
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Proposition XVI. 

353. Theorem. Any plane containing only one of two par- 
allel lines is parallel to the other. 




Given the parallel lines AB, AB\ and the plane MN con- 
taining AB but not AB\ 

To prove that MN II AB\ 

Proof. 1. AB and AB^ determine a plane P. Prop. I, cor. 2 

2. '/ AB and AB' lie whoUy in P, .'. if AB' meets MN 
it meets AB, § 86 

3. But ••• AB II AB\ this is impossible. § 82, def. II lines 



Exercises. 567. A line which is parallel to a plane is parallel to its 
projection on that plane. 

668. Through a point without a straight line any number of planes 
can pass parallel to that line. 

659. If a line is parallel to a plane, the intersection of that plane with 
any plane passing through that line is parallel to the line. 

660. If from two points on a line parallel to a plane, parallel lines are 
drawn to and terminated by that plane, these parallel lines are equal. 

561. If a line is parallel to a plane, and if from any point in the plane 
a line is drawn parallel to the first line, then the second line lies wholly 
in the plane. 

562. If, through a line parallel to a plane, several planes pass so as to 
intersect that plane, these lines of intersection are parallel. 

563. If the distances from two given points on the same side of a 
plane, to that plane, are equal, the line determined by those points is 
parallel to the plane. 
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Proposition XVII. 

354. Theorem. Between two lines not in the same plane^ 
one^ and only one^ common perpendicular can be drawn. 



M 

Given two lines K, i, not coplanar. 

To prove that one, and only one, common perpendicular can 
be drawn between them. 

Proof. 1. Let MN be the plane, through K, II L, (Can such a 
plane exist ?) Let X' be the projection of L on MN. 

2. Then K is not II to L\ for then it would be II to L. 

Prop. IV 
Let K intersect Z' at P. 

3. A ± to Z and ^ is ± to MN. Why ? 

4. Then *.• X' is the locus of the feet of all Js from 
points in L, on plane MN, § 343, def. projection 
.*. P is the unique point in which a ± from a point 
on Z, to K, can meet K. 

5. .'.ii PQ is drawn >L to L, it is _L, and the only _L, 
to both L and K. 

Corollary. The common perpendicular is the shortest line- 
segment hetiveen two lines not in the same plane. 

For if Q'P II QP, then QP = Q^R < qB. Prop. XI, 1 

355. Definition. The length of the common perpendicular 
from one line to another is called the distance between those 
lines. 



Sbcs. 356-358.] 
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3. PENCIL OF PLANES. 

356. Definitions. Any number of planes containing the 
same line are said to form a pencil of planes; the line is 
called its axis. 



357. Any two planes of a pencil are said to form a dihedral 
angle. 





LMN, a pencil of planee ; AB, the 
axis of the pencil. 



Dihedral angles formed by the 
planes M and y. Dihedral angle 
MN^ measured by plane angle 
BOC. AO the edge of the dihe- 
dral angle. 



The two planes of a dihedral angle are called the faces, and 
the axis of the pencil is called the edge of the dihedral angle. 

Two intersectiDg planes form more than one dihedral angle, just as 
two intersecting lines form more than one plane angle^ the latter term 
now being used to designate an angle made by lines in a plane. 

• 

358. A plane of a pencil turning about the axis from one 
face of a dihedral angle to the other is said to turn through 
the angle, the angle being greater as the amount of turning is 
greater. 

Since the size of a dihedral angle depends only upon the 
amount of turning just mentioned, it is independent of the 
extent of the faces. 
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359. If perpendiculars are erected from any point in the 
edge of a dihedral angle, one in each face, the size of the plane 
angle thus formed evidently varies as the size of the dihedral 
angle. Hence a dihedral angle is said to be measured by that 
plane angle, or, strictly, to have the same numerical measure. 

360.* A dihedral angle is said to be acutey right j obtuse^ 
oblique f reflex, straight, according as the measuring plane 
angle is so, and it is usually named by its measuring plane 
angle, or merely by its faces in counter-clockwise order. 

The terms adjacent angles, bisector, sum and difference of 
dihedral angles, point within or without the angle, complem^ent, 
supplement, conjugate, and vertical angles will readily be 
understood from the corresponding terms in plane geometry. 

As with plane angles the smallest angle made by two intersecting 
lines is, in general, to be understood unless the contrary is stated, so 
with dihedral angles. 

If a dihedral angle is right, the planes are said to be perpen- 
dicular to each other. 

E.g. m the following figure, ZY ± MN. 



Proposition XVIII. 



361. Theorem. If a line is perpendicular to a plane^ any 
plane containing this line is also perpendicular to that plane. 




Given OY perpendicular to the plane MN, and ZY any 
plane containing OY. 

To prove that ZY ± MN. 
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Proof. 1. Suppose OX, in JfiV, ± OZ, the intersection of MN 
and ZY, 
Then A YOZ, XO Y are right A, Why ? 

2. But '.• Z XOF fixes the measure of the dihedral Z, 

§359 
.\ZY1.MN. Def. 



Proposition XIX. 

362. Theorem. If two planes are perpendicular to each 
other^ any line in one of them, perpendicular to their inter- 
section, is perpendicular to the other. 




n^ 



Given the planes ZYJ^MN, OZ their intersection, and 
OX, in MN, _L OZ. 

To prove that OX±ZY. 

Proof. 1. Let OF, in ZY, be_Lto O^at 0. 

Then Z XOYis the measuring angle. § 359 

2. .'.ZXOYis right. Def. _L planes 

3. But • . • Z ZOX is also right, Why ? 

.-. OX±^r. Why? 

Corollaries. 1. If two planes are perpendicular to each 
other, a line from any point in their line of intersection, per- 
pendicular to either, lies in the other. 

By the theorem, OY±MN, and it lies in ZY; and by prop. Vll, 
cor. 2, only one perpendicular to MN can be drawn from 0. 
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2. Through a point without a line not more than one plane 
can pass perpendictdar to that line. 

For if through T another plane could pass JL OX, it would pass through 
O, ••• Z XOY = rt. Z, and only one ± can be drawn from Y to OX. 
But the plane would also include line OZ, else there would be two J& 
from O to OX in the plane MN. 



Proposition XX. 

363. Theorem. If each of two intersecting planes is per- 
pendicular to a third plane^ their line of intersection is also 
perpendicular to that plane. 




Given two planes, Q, R, intersecting in OP, and each per- 
pendicular to plane M. 

To prove that OP ± M. 

Proof. 1. A ± to Jf f rom lies in Q and in E, Prop. XIX, cor. 1 

2. .". it coincides with OP, the only line common to 
Q and E. .'. OP JL M. 



Exercises. 564. To construct a plane containing a given line, and 
parallel to another given line. (Assumed in step 1 of prop. XVII.) 

565. Prove that vertical dihedral angles are equal. 

566. How many degrees in the measure of the dihedral angle between 
the plane of the earth's equator and the ecliptic ? 

567. Prove that the edge of a dihedral angle is perpendicular to the 
plane of the measuring angle. 

568. Prove that a line and its projection on a plane determine a 
second plane perpendicular to the first. 



Prop. XXI.] 
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Proposition XXI. 

364. Theorem. Ant/ point in a plane which bisects a 
dihedral angle is equidistant from the faces of the angle. 




Given a dihedral angle, with faces Q, E, and edge CD, 
bisected by plane B-, F, any point in B, with 
PX± Q, FY±E. 

To prove that PX=FY. 

Proof. 1. Let Mhe the plane of FX, FY, and D its intersec- 
tion with CD, 

2. Then •.-PX_L Q, ,\ M ± Q. Why? 

3. Similarly, M ± E. Why? 

4. .'.Ml. CD, Prop. XX 

5. .'. CD ± DX, DY, DF, whose A therefore measure 
the dihedral A, § 359 

6. .'.ZXDF = ZFDY. 

And •/ Z X= Z r= rt. Z, and DF = DF, 

7. .-. A DXF ^ A 2>FP, and PX= PF. § 88, cor. 7 

Corollary. The locus of points that are equidistant from 
two intersecting planes is the pair of planes bisecting their 
dihedral angles. 
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Proposition XXII. 

365. Theorem. If from any point lines are drawn per- 
pendicular to two intersecting planes^ the angle formed by 
these perpendiculars has a measure equal or supplemental 
to that of the dihedral angle of the planes. 




Given the planes M, Q, intersecting in i ; lines PX ± M, 
FY Jl Q\ and plane P YX cutting i at A, 

To prove that Z YPX is equal or supplemental to the dihe- 
dral angle MQ, 

Proof. 1. Plane YXP ± M, also X Q. Prop. XVIII 

2. .-. plane YXP _L ^. Prop. XX 

3. .-. XA and YA ± i, § 339 

4. ,\/.XAY measures dihedral Z MQ, § 359 

5. But ••• Z X= Z r= rt. Z, Given 
.'. Z YPX i^ supplemental to /-XAY, or dihedral 
Z MQ, I, prop. XXI, cor. 

Corollary. If the point is within the dihedral angle, the 
angles are supplemental. 

Definition. If two planes do not meet, however far pro- 
duced, they are said to be parallel. 

The term pencil of parallels is applied to planes as well as to lines. 
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Proposition XXIII. 

366. Theorem. Planes perpendicular to the same straight 
line are parallel 



1 X m\ 




/ Y m\ 



Given two planes, M, N; ± line XY, at X, Y, respectively. 

To prove that M II N, 

Proof. If M and N should meet, as at P, then two planes 
would pass through P _L XY, which is impossible. 

Prop. XIX, cor. 2 

Exercises. 669. Prove that through a point without a plane any 
number of lines can pass parallel to the plane. 

570. Problem : To bisect a dihedral angle. 

571. To find the locus of points equidistant from two fixed planes, and 
equidistant from two fixed points. 

572. To find a point equidistant from two given planes, equidistant 
from two given points, and also at a given distance from a third plane. 

573. Prove prop. XXII for the case in which the point P is taken in 
plane Jf. 

574. In the figure on p. 270, as Z X4 F increases from zero to a 
straight angle, what change does Z YPX undergo ? 

575. Also, suppose Z XA Y = 120° ; what angle will PY make with 
plane Jf, if produced through Q to Jtf ? 

576. Given two points, F, TT, in two intersecting planes, Jf, Q, 
respectively. Find Z in the line of intersection of M and Q, such that 
VZ ■\- ZW shall be a minimum. 

577. If from two points on a line parallel to a plane, parallel lines are 
drawn to that plane, a parallelogram is formed. 
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Proposition XXIV. 

367. Theorem. The lines in which two parallel planes 
intersect a third plane are parallel. 




Given two parallel planes, M, N, intersected by a third 
plane, T, in lines a, b. 

To prove that a II b. 

Proof. 1, a and b are in the same plane T. 

2. And they cannot meet, because they are in M and N 
respectively, and M II N. 

3. .*. they are parallel by definition. 

Corollary. A line perpendicular to one of two parallel 
planes is perpendicular to the other. 

Pass two planes through that line and apply prop. XXIV and the def. 
of a plane ± to a line. 

Exercises. 578. Through a given point only one plane can pass 
parallel to a given plane. 

579. If two parallel planes intersect two other parallel planes, the 
four lines of intersection are parallel. 

580. Parallel lines have parallel projections on any plane. (Suppose, 
as a special case, that the lines are perpendicular to the plane.) 

581. If two lines are at right angles, are their projections on any plane 
also at right angles ? 

582. If two planes are perpendicular to each other, any line perpen- 
dicular to one of them is either parallel to or lies in the other. 
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Proposition XXV. 

368. Theorem. If two straight lines are cut hy parallel 
planes^ the corresponding segments are proportional. 




Given ABC, DEF, two lines cut by planes P, Q, B, in 
points A, By C and Z>, E, F. 

To prove that AB : BC = DF: FF. 

Proof. 1. Suppose the line GRF, drawn through F, II ABC, 
cutting P, Q at G, H, respectively. 
Then AC, GF determine a plane ; also DF, GF. 

Prop. I, cors. 2, 1 

2. .-. AG II BH II CF, and DG II EH. Why ? 

3. .\AB^ GH, and ^C = HF, I, prop. XXIV 

4. But' ' Gff:HF=DE: EF, IV, prop. X, cor. 1 

.-. AB:BC = I>E: EF. Subst. 3 in 4 



Exercises. 583. In a gymnasium swimming tank the water is 5 ft. 
deep, and the ceiling is 9 ft. above the water; a pole 18 ft. long rests 
obliquely on the bottom of the tank and touches the ceiling. How much 
of the pole is in the water ? 

584. In the figure of prop. XXV, connect C and 7), and prove the 
theorem without using the line FG. 
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4. POLYHEDRAL ANGLES. 

Definitions. When a portion of space is separated 
from the rest by three or more planes which meet in but one 
point, the planes are said to form, or to include, a polyhedral 
angle. 

A polyhedral angle is also called a solid angle. 

As two intersecting lines form an infinite number of plane angles, but 
the smallest is considered unless the contrary is 
stated, and similarly with two intersecting planes, V 

so three or more intersecting planes form an infi- 
nite number of polyhedral angles, but, as with 
plane and dihedral angles, only the smallest is 
considered. 

The lines of intersection of the planes 
of a polyhedral angle, each with the next, 
are called the edges of the polyhedral angle. 

On account of the complexity of the general 
figure, the planes which form a polyhedral angle 
are considered as cut off by the edges, as in the 
above figure. So also the edges, which may be 
produced indefinitely, are considered as cut off by 
the vertex unless the contrary is stated. 

The portions of the planes which form a polyhedral angle, 
limited by the edges, are called the faces of the angle. 

370. Polyhedral angles contained by 3, 4, , n planes are 

termed respectively trihedral, tetrahedral, /?-hedral angles. 

A polyhedral angle is specifically designated by a letter at its vertex, 
or by that letter followed by a hyphen, and letters on the successive 




A polyhedral angle. 
V-ABCD, r, the ver- 
tex; VA, VB, rc, 
VD, the edges; planes 

VAB, VBC, the 

faoes. 



371. Congruent polyhedral angles are such as have their 
dihedral angles equal, and the plane angles of their faces also 
equal and arranged in the same order. 



Secs. 372, 37a.] 
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372. Symmetric polyhedral angles are such as have their dihe- 
dral angles equal, and the plane angles of their faces also 
equal, but arranged in reverse order. 





Symmetric polyhedral angles. 



Opposite polyhedral angles. 



Thus, in the above figure, V and F' are symmetric trihedral angles, 
the letters showing the reverse arrangement. 

Some idea of this reverse arrangement may be obtained by thinking of 
two gloves, fitting the right and left hands respectively. As two such 
gloves are not congruent, so, in general, two symmetric polyhedral angles 
are not congi'uent. 

373. Opposite polyhedral angles are such that each is formed 
by producing the edges and faces of the other through the 
vertex. 



Exercises. 585. How many edges in an n-hedral angle ? How many 
dihedral angles ? How many plane face angles ? How many vertices ? 

586. If a straight line is oblique to one of two parallel planes, it is to 
the other. 

587. If a plane intersects all the faces of a tetrahedral angle, what 
kind of a plane figure is formed by the lines of intersection ? What, in 
the case of a trihedral angle ? 

588. Does the magnitude of a polyhedral angle depend upon the 
lengths of the edges? 

589. Construct from stiff paper two symmetric trihedral angles, with 
face angles of about 30°, 60°, 45°, and see if they are congruent. (No 
proof required.) 

590. If each of two intersecting lines is parallel to a plane, so is the 
plane of those lines. 
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Proposition XXVI. 
374. Theorem. Opposite polyhedral angles are symmetric. 




Given V-ABCD, any polyhedral angle, and V-A'B'C'D', its 
opposite polyhedral angle. 

To prove that V-ABCD and V-A'B'C'D' are symmetric. 
Proof. 1. ZAVB = ZA'VB\ 

ZBVC==/:B' VC'y Prel. prop. VI 

2. Dihedral A with edges VB, VB\ being formed by 
the same planes, have equal (vertical) measuring 
angles. Prel. prop. VI 

3. So for the other dihedral A, But the order of 
arrangement in the one is reversed in the other. 
.'. the polyhedral A are symmetric. 

Note. That the order of the angles is reversed appears more clearly 
to the eye by making two opposite trihedral angles of pasteboard. It is 
also seen by tipping the upper angle over, as has been done in the figure 
to the right. 

Exercises. 591. If the edges of one polyhedral angle are respectively 
perpendicular to the faces of a second polyhedral angle, then the edges of 
the latter are respectively perpendicular to the faces of the former. 

592. Two parallel planes intersecting two parallel lines cut off equal 
segments. 



Prop. XXVII.] 
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Proposition XXVII. 

375. Theorem. In any trihedral angle the sum of any 
two face-angleB is greater than the third. 




Given the trihedral angle V-XYZ, 

To prove that Z YVZ + Z ZVX > Z XFF. 

Proof. 1. If Z XV Y> either Z YVZ or Z ZVX, no proof is 
necessary. Why not ? 

2. If ZXVY > either Z rrZ or Z ZFX, suppose it 
> ZZVX, 

3. Then in plane VXY suppose VW drawn, making 
ZXVW=ZZVX. 

Suppose VC taken on VZ, equal to VF on VW, and 
a plane passed through C, P, and any point A of 
FX Let this plane intersect VY at B. 

4. Then A ^ FP ^ A ^ TC, and ^C = ^P. I, prop. I 

5. But •/ AC+ CB> AB, or ^P + FB, Why ? 

.-. CB > FB. Why ? 

6. .-.in APFi? and CVB, ZBVO ZFVB. 

I, prop. XI 

7. .. ZCr^ + ZJ^rOZ^FP+ZPFi?, or z^r^. 



OrZ rFir+zzFx>zxrr. 



Ax. 4 
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Corollaries. 1. In any trihedral angle the difference of 
any two face-angles is less than the third. 

For if the face-angles are a, 6, c, then since a + 6 > c, /. a > c — 6. 

2. In any polyhedral angle any face-angle is less than the 
sum of all the other face-angles. 

For the polyhedral angle may be divided into a number of trihedral 
angles, and prop. XXVII repeatedly applied. 

Note. Prop. XXVII and corollaries suppose that each face-angle is 
less than a straight angle. This is in accordance with the note under 
the definition of a polyhedral angle. 

376. Definition. A polyhedral angle is said to be convex 
when any polygon formed by a plane cutting every face, is 
convex ; otherwise it is said to be concave. 



Proposition XXVIII. 

377. Theorem. In any convex polyhedral angle the sum 
of the face-angles is less than a perigon. 



Given any convex polyhedral angle, V-ABC 

To prove that Z.AVB -\- Z.BVC -\- Z. CVD + < perigon. 

Proof. 1. Let the faces of the angle be cut by a plane. This 
will form a convex polygon of n sides (n= Bin the 
figure), abc Def. convex polyh. Z 
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Let S„ = sum of plane A a Vh, b Vc, , at the 

vertex ; 

Sjj = sum of plane AbaV, Vba, cbV, , at 

the bases of the A ; 

and Sp=8um of plane Acba, deb, , of the 

polygon. 

2. Then Sj,= (n- 2) st. A, or 8^-^-2 st. A = nst A. 

I, prop. XXI 

3. And S„-\- Sf, = n st. A, since there is a st. Z for 

each A. I, prop. XIX 

4. .\ S„ -{- Sj, = Sj, -{- perigon. Steps 2 and 3 ; ax. 1 

5. And •.• S^ > S^, Prop. XXVII 

.\ S„< perigon. 



Exercises. 593. The three planes which bisect the three dihedral 
angles of a trihedral angle intersect in a common line whose points are 
equidistant from the three faces. (See prop. XXI, cor., and I, prop. 
XLIV.) 

594. Suppose a polyhedral angle formed by three, four, five equilateral 
triangles. What is the sum of the face-angles at the vertex ? 

595. If lines through any point O and the vertices. A, B, C, , of 

a polygon, cut a plane parallel to the plane of that polygon in A\ R, C", 

, prove that A'RC^ .^ ABC and that the ratio of similitude 

is that of OA' to OA, 

596. In ex. 595, the more remote O is from the planes ABC , 

A'RC^ , the more nearly do AA^, BR, CC become parallel; 

suppose they become parallel, state and prove the resulting theorem. 

597. In ex. 595, if plane A'RC were not parallel to plane ABC 

, prove that the corresponding sides, AB, A'B\ and BC, RC\ and 

CA C'jy, , would, in general, meet in points on the intersection of 

the two planes. 

598. Two planes, each parallel to a third plane, are parallel to each 
other. 

599. Ex. 598 is analogous to I, prop. XVIII. State the theorem and 
corollaries analogous to I, prop. XVII and its corollaries, and prove them. 
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5. PROBLEMS. 



Proposition XXIX. 



378. Problem. Through a given point to passi a plane 
perpendicular to a given line : (T) the point being mthovt 
the line, {2) the point being on the line. 




1. Given the line YY\ and point P without. 

Required through P to pass a plane J. YY\ 

Construction. 1. From F draw PO ± YT. I, prop. XXX 

2. From draw another line 0X± YT. 

I, prop. XXIX 
Then MN^ the plane of OP^ OX, is the required 
plane. 

Piwf. -.•FF'XOP, 

and YY' ± OX, 

.-. YY' 1.MN. §339 

2. Given the line FP, and the point O upon it. 
Required through to pass a plane ± YY. 

Construction and Proof. Draw OP and 0X± YY\ This can 
be done because the three lines are not required to 
be coplanar. 
Then the plane XOP ± FF'. § 339 



Paops. XXX, XXXI.] 
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Proposition XXX. 

379. Problem. Through a given point to pass a plane 
parallel to a given plane. 

Solution. Draw two intersecting lines in the given plane. 
Through the given point draw two lines parallel to these lines, 
thus determining the required plane. 



Proposition XXXI. 

380. Problem. Through a given point to draw a line per- 
pendicular to a given plane : (1) the point being without the 
plane^ (2) the point being in the plane. 




1. Given the plane MN, and the point F without. 

Required to draw a perpendicular from F to MN. 

Construction. 1. Draw FC JLAB, any line in MN. 

I, prop. XXX 

2. In MN draw CE ± AB. I, prop. XXIX 

3. Draw PP'± CE. . I, prop. XXX 
Then PF^ is the required perpendicular. 

Proof. 1. • CAl. plane CFP\ Prop. VI, cor. 1 

2. Draw P'D II CA ; then P'D ± plane CFF\ Prop. IX 

3. .-. Z DP^P is right, and PP' ± P'D. § 339 

4. But PP ± CF\ and .*. PF^ ± MN Prop. VI, cor. 1 



282 SOLID GEOMETRY. [Bk. VL 

2. Giyen the plane MX^ and the point R within it 




Required through R to draw a perpendicular to MN. 

Construction. 1. From any external point S draw ST ± MN. 

Casel 
2. From R draw RQ II TS, I, prop. XXXIII 

Proof. Then ^^ is the required perpendicular. Why ? 



Exercises. 600. From the point of intersection of two lines to draw 
a line perpendicular to each of them. 

601. To determine the point whose distances from the three faces of 
a given trihedral angle are given. Is it unique ? 

602. From the vertex of a trihedral angle to draw a line making equal 
angles with the three edges. 

603. The three planes, through the bisectors of the face-angles of a 
trihedral angle, perpendicular to those faces, intersect in a common line 
whose points are equidistant from the edges. (See I, prop. XLIII.) 

604. In how many ways can a polyhedral angle be formed with equi- 
lateral triangles and squares ? 

605. Prove that a straight line makes equal angles with parallel planes. 

606. If each of two intersecting planes is parallel to a given line, prove 
that their intersection is coplanar with that line. 

607. Prove that parallel lines make equal angles with parallel planes. 

608. Are planes perpendicular to the same plane parallel ? 

609. In the figure of prop. XXV, without drawing FG, draw CD and 
AF; then show that the four lines CD, CA, FD, FA intersect plane Q 
in the vertices of a parallelogram. 

610. Given two lines, not coplanar, and a plane not containing either 
line, required to draw a straight line which shall cut both given lines and 
shall be perpendicular to the plane. (Project both lines on the plane.) 



BOOK VII. — POLYHEDEA. 



1. GENERAL AND REGULAR POLYHEDRA. 

381. Definitions. A solid whose bounding surface consists 
entirely of planes is called a polyhedron ; the polygons which 
bound it are called its faces ; the sides of those polygons, its 
edges ; and the points where the edges meet, its vertices. 

382. If a polyhedron is such that no straight line can be 
drawn to cut its surface more than twice, it is said to be 
convex; otherwise it is said to be concave. 

Unless the contrary is stated, the word polyhedron means convex poly- 
hedron. The word convex will, however, be used wherever necessary for 
special emphasis. 

383. If the faces of a polyhedron are congruent and regular 
polygons, and the polyhedral angles are all congruent, the 
polyhedron is said to be regular. 



Exercises. 611. Draw a figure of a polyhedron of four faces. Count 
the edges, faces, and vertices, and show that the number of edges plus 
two equals the number of faces plus the number of vertices. 

612. Do the same for a polyhedron of five faces ; also of six faces. 

613. Take a piece of chalk, apple, or potato, and see if a seven-edged 
polyhedron can be cut from it. 

614. What is the locus of points on the surface of a polyhedron equi- 
distant from two given vertices ? (The distances are to be taken as usual 
on a straight line, and not necessarily on the surface.) 

615. What is the locus of points equidistant from two given non- 
parallel faces of a given polyhedron ? 

616. To find a point equidistant from two given vertices of a polyhe- 
dron, and from two given non-parallel faces. 

283 
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Peoposition I. 

384. Theorem. If a convex polyhedron has e edges^ v ver- 
ticeSj and f faces^ then e 4- 2 = f -f- v. 




Giyen ABC Z, a convex polyhedron of e edges, v ver- 
tices, / faces. 

To prove that e-\-2=f-\-v. 

Proof. 1. Imagine ABC Z formed by adding adjacent faces, 

beginning with any face as ABCD of a sides, 

then adding face M, of h sides, and so on. 

(It is advisable to build up a rectangular box of paste-board 
while reading the proof.) 

Let e^ = the number of edges, and v,, = the number 
of vertices, after r faces have been put together. 

(Thus when we put 2 rectangles together in building up the 
box, we have located 7 edges and 6 vertices ; i.e. ca = 7, 
«2 = 6, in this case.) 

2. Then, since the first face had a sides, .\ ei = a and 
Vi = a, 

(In the box, ei =4, t?i = 4.) 

3. •.' adding an adjacent face M, of b sides, gives only 
(b — 1) new edges, and (b — 2) new vertices (Why ?), 

(In the box, adding a second rectangle to the first gives 
only 3 new edges because we have 1 in common with the 
first face, and 2 new vertices because we have 2 in common 
with the first face.) 

.' . 02 = a -\- b — 1, V2 = a -\- b — 2, so that e^ — t'2 = !• 
(In the box, 62 = 4 + 4-1= 7, ©a = 4+4-2= 6, so 
that 62 — «2 = !•) 
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4. Similarly, if the next face has c sides, and the next 
d, etc., 

es = (a + ^ - 1) -h (c - 2) or a -h ft 4- c - 3 
an d i;, = (a -h ft - 2) -h (c - 3) « a + ft + c-5 
.". ef Vg= 2 

(In the box, es = 9, i?8 = 7, /. e^ — Vb = 2.) 

Likewise 

e^ = (a -{- b + c - S) + (d - S) 
i;4 = (g + ft + c - 5) + (eg - 4) 
.-. 64 - V4 = . 2 4- 1 = 3. 

(In the box, 64 = 10, i?4 = 7, .*. 64 — t?4 = 3.) 
And in general, e^ — v^ = r — 1. 

5. But the addition of the last, or /th face, as XYZ^ 
after all the others have been put together, gives no 
new edges or vertices, 

.-. e^- v^= e^_i - v^_-^=f- 2. 

(In the box, adding the last face merely puts on the cover, 
adding, no new edges or vertices. .-. e« — t?e = 65 — «6 = 4, 
which is evidently true, because 12, the number of edges, 
minus 8, the number of vertices, is 4.) 

6. That is, e-v =/- 2, so that e + 2 =/+ v ; for 
Cf = e, and ty = v. 

Corollary. For every polyhedron there is another which, 
with the same number of edges, has a^ w,any faces as the first 
has vertices, and as many vertices as the first has faces. 

For in the equation e + 2 =/+ r, the / and t? may be interchanged 
without affecting the e. 

Note. This theorem is known as Euler's, although Descartes knew 
and employed it. The theorem is very useful in the study of crystals. 



Exercise. 617. If the faces of a polyhedron are all triangular, the 
number of faces is even and is four less than twice the number of ver- 
tices. (Since there are 3 edges to every face, but each edge belongs to 
2 adjacent faces, e = 3// 2 ; substitute ine + 2=/+u.) 
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Proposition II. 

385. Theorem. There cannot be more than five regular 
convex polyhedra. 

Proof. 1. Let n = number of sides in one face, and a = number 
of degrees in each plane Z of the faces of a regular 
convex polyhedron. 

Then a = (n - 2) • 1807n, I, prop. XXI 

and if w = 6, then a = 120°, and 3 a = 360°. 

2. .". if 7i = 6 or more, there can be no solid angle. 

VI, prop. XXVIII 

3. And if n = 5, then a = 108°, and 3 a = 324°, 

and .'.3 regular pentagons, but no more, can form a 
solid angle. VI, prop. XXVIII 

4. And if /i = 4, then a = 90°, 3 a = 270°, 4 a = 360°, 
and .'.3 squares, but no more, can form a solid 
angle. VI, prop. XXVIII 

5. And if 71 = 3, a = 60°, 3 a = 180°, 4 a = 240°, 
5 a = 300°, Qa^ 360°, 

and .'. 3, 4, or 6 equilateral A, but no more, can 
form a solid angle. VI, prop. XXVEII 

6. .'. there cannot be more than 5 regular convex 
polyhedra, viz. those formed by regular pentagons 
(3 at each vertex), squares (3 at each vertex), equi- 
lateral triangles (3, 4, or 5 at each vertex). 

Note. There are five regular convex polyhedra; but the complete 
proof of the fact is not of enough importance to insert it in the body of 
the v^rork. It may be given as an exercise, since it involves no new 
principles. These five polyhedra have been called the Platonic Bodies, 
from the attention given them in Plato's school, although they v^rere 
knov^rn to the Pythagoreans. The three simpler forms enter largely into 
crystallography, usually somewhat modified. 

The five regular polyhedra are given on page 287. 
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The regular tetraJiedron 
(or triangular pyramid), 
formed by 4 equilateral 
triangles. 



The regular hexahedron 
(or cube), formed by 
6 squares. 



The regular octahedron, 
formed by 8 equilateral 
triangles. 





The regular dodecahedron, formed by 
12 regular pentagons. 



The regular icosahedron, formed by 
20 equilateral triangles. 



The five regular polyhedra can be constructed from cardboard by 
marking out the following, cutting through the heavy lines and half 
through the dotted ones, and then bringing the edges together. 




Tetrahedron. 



Hexahedron. 




\ / '\^ / \ 



Octahedron. 





Dodecahedron. 



Icosahedron. 
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2. PARALLELEPIPEDS. 

386. Definitions. A Parallelepiped is a solid bounded by 
three pairs of parallel planes. 

The four lines through a parallelepiped, joining the oppo- 
site vertices, are called its diagonals. 



Proposition III. 

387. Theorem. The opposite faces of a parallelepiped are 
congruent parallelograms; and any section of it^ made by 
a plane cutting two pairs of opposite faces without cutting 
the remaining pair^ is a parallelogram. 



Given the parallelepiped AG, and FQRS a plane section 
cutting the parallel faces AF, DG, and AH, BG, 

To prove (1) that AC "and EG are congruent [U, 
(2) that PQRS is a O. 

Proof. 1. EFWHGWDCWABWEF, 

and BCWFGWEHWADWBC, VI, prop. XXIV 
and .-.all faces are UJ. § 97, def. O 

2. .\AB = EF=HG = I>C, 

and BC = FG = EH= AD, I, prop. XXIV 
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3. And • . • Z FES = Z BAD, VI, prop. V 
.'.OAC^O EG, which proves (1). I, prop. XXVI 

Similarly for other opposite faces. 

4. And ••• PQ II SR, and PS II QB, VI, prop. XXIV 

,\ PB is a. O, which proves (2). § 97, del O 

Corollary. A parallelepiped has three sets of parallel 
and equal edges, four in each set. 

388. Definition. If the faces of a parallelepiped are all 
rectangles, it is called a rectangular parallelepiped. 

It will be noticed that as axes of symmetry enter into the study of 
plane figures (§ 68), and especially of regular figures, so planes of sym- 
metry and axes of symmetry enter into the study of solids. A plane of 
symmetry divides the solid into halves, related to each other as a figure is 
related to its image in a mirror. Planes of symmetry play an important 
part in the study of crystals. The term axis of symmetry will be under- 
stood from Plane Geometry. 



Exercises. 618. Prepare actable showing the number (1) of faces, 
(2) of edges, (3) of vertices, (4) of sides in each face, (6) of plane angles 
at each vertex, of all of the five regular polyhedra. 

619. How many degrees in the sum of the face-angles at one vertex 
of a regular tetrahedron ? hexahedron ? octahedron ? dodecahedron ? 
icosahedron ? 

620. The perpendiculars to the faces, through their centers, of a 
regular tetrahedron are concurrent in a point equidistant from all of the 
vertices, from all of the faces, and from all of the edges. 

621. Prove that no polyhedron can have less than six edges. 

622. In a regular tetrahedron three times the square on an altitude 
equals twice the square on an edge. 

623. Certain crystals have their comers cut off, that is, the vertices of 
their polyhedral angles replaced by planes. Suppose a regular hexa- 
hedral crystal has its trihedral angles replaced by planes, how many faces 
has the new crystal ? How many edges ? vertices ? Is Euler's theorem 
satisfied ? 

624. How many planes of symmetry and how many axes of sym- 
metry has a regular hexahedron ? octahedron ? 



290 SOLID GEOMETRY, [Bk. VH. 

Proposition IV. 

389. Theorem. In any parallelepiped^ 

1. The four diagonals are concurrent in the mid-point 
of each. 

2. The sum of the squares on the four diagonals equals 
the sum of the squares on the twelve edges. 



A B 

Given a parallelepiped with diagonals AG, BE, CE, DF. 

To prove that (1) the diagonals are concurrent at 0, the mid- 
point of each; 
(2) AG^ -h BH^ -h CE^ -h DF^ = AB^ + BC^ + 

Proof. 1. •.' BF = and II DH, Why ? 

.-. DBFH is a O. Why ? 

2. .\FD and 5^ bisect each other at 0. § 100, cor. 2 
Similarly, BH and CE^ CE and A G, bisect each other. 

3. And '.' there is only one point of bisection of BH 
and CE, § 41 
.-. BH, CE, AG, and Di^are concurrent at O. 

4. And •.• AG^ + CE^ = AC'+ CG' + GE^ -f ^^^ 
and DF^ + ^iT^ = ^i^^ ^ ^^2 .|. ^2>2 + I>B^, 

II, prop. XI, cor. 

5. .-.by adding, and noting that AC^-^ DB^ = ^^^ -h 
BC^ + (7i>^ + DA% etc., the theorem is proved. 
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A prismatic sur- 
face. 



3. PRISMATIC AND PYRAMIDAL SPACE. 
PRISMS AND PYRAMIDS. 

390. Definitions. A prismatic surface is a surface made up 
of portions of planes, the intersections of which are all parallel 
to one another. 

391. If, counting from any plane of a prismatic surface 
as the first, each plane 

intersects its succeeding 
plane, and the last one 
intersects the first, the sur- 
face is said to enclose a 
prismatic space. 

The lines of intersec- 
tion are called the edges, 
and the portions of the 
planes between the edges, 
the faces, of the prismatic space. 

The edges and the faces are supposed to be unlimited in length. It 
will be readily seen that a prismatic space is related to entire space as a 
plane polygon is to its entire plane. It will therefore be inferred that 
theorems relating to polygons have corresponding theorems relating to 
prismatic spaces. 

392. A section of a prismatic space, made by a plane cutting 
its edges, is called a transverse section. If it is perpendicular 
to the edges, it is called a right section. 

393. A prismatic space is said to be triangular, quadrangular, 

rectangular, pentagonal, , n-gonal, according as a transverse 

section is a triangle, quadrilateral^ rectangle, pentagon, , 

n-gon, and to be convex or concave according as a transverse 
section is a convex or a concave polygon. 



A portion of a prismatic 
space, quadrangular 
and convex. ABCD, 
a right section. 
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Prismatic spaces may be such that transverse sections are convex, con- 
cave, or cross polygons. All theorems not involving mensuration will 
at once be seen to apply to each class. But on account of the complexity 
of the figures, the third form (cross) is not considered in this work. 

394. The portion of a prismatic space included between two 
parallel transverse sections is called a prism, the two transverse 
sections being called the bases of the prism. 

Thus in the figure on p. 293 the portion of the prismatic space P, 
between S and S% is a prism. S and 8' are the bases. 

The signification of the terms edges, faces, and prismatic surface of a 
prism, upper and lower bases of a prism, triangular prisma, etc., will be 
inferred from the above definitions. By transverse and right sections of 
a prism are to be understood the transverse and right sections of its 
prismatic space. 

The sides of the bases of a prism are also called edges ; where con- 
fusion is liable to arise these are called base edges, and the edges of the 
prismatic space are called lateral edges. 



Exercises. 625. In the figure of prop. IV, prove that Oi, O, O2 are 
collinear. 

626. Also that OiO = EA/2. 

627. Also that if AG Ibsl rectangular parallelepiped, OiO is perpen- 
dicular to line EG, 

628. Also that if the diagonals of all the faces are drawn, and the 
points of intersection of the diagonals of the opposite faces are con- 
nected, these connecting lines are concurrent at 0,«the mid-point of each. 

629. Prove that the square on a diagonal of a rectangular parallele- 
piped equals the sum of the squares on three concurrent edges. 

630. If the edge of a cube is represented by V3, find the diagonal. 

631. Prove that the four diagonals of a rectangular parallelepiped 
are equal. 

632. Show that the edge, diagonal of a face, and diagonal, of a cube, 
are proportional to 1, V2, Vs. 

633. If the plane PR, of prop. Ill, were also to cut the faces HF 
and DB, what would be the plane figure resulting ? What would be the 
relation of its opposite sides ? 
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Proposition V. 

395. Theorem, Parallel transverse sections of a prismatic 
space are congruent polygons. 




Given the prismatic space P, with S, S', two parallel trans- 
verse sections. 

To prove that S^S', 

Proof. 1. '.• the sides of S II sides of S', respectively, 

VI, prop. XXIV 
.'. A oi S= A of S'f respectively. VI, prop. V 

2. And '.' the sides of S also equal the sides of S', 
respectively, I, prop. XXIV 

.'.by superposition, S is evidently congruent to S', 

Corollaries. 1. The bases of a prism are congruent poly- 
gons. 

2. The faces of a prism are parallelograms, 

3. The lateral edges of a prism, are equal. 



Exercise. 634. Suppose in the figure of prop. Ill, another plane II to 
PR^ cutting the same faces as PR^ but not the other faces. Prove that 
it would cut out a parallelogram congruent to PR, 
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396. Definitions. A pyramidal surface is a surface made up 
of portions of planes which have but one point in common. 





A pyramidal surface. A portion of a pyramidal space, quad- 

rangular and convex. F, the vertex; 
A BCDf a transverse section ; V-ABCDy 
a pyramid, ABCD being its base. 

397. If, counting from any plane of a pyramidal surface as 
the first, each plane intersects its succeeding plane, and the 
last one intersects the first, the surface is said to contain a 
pyramidal space. 

Unlike a prismatic space, a pyramidal space is doable, its parts lying 
on opposite sides of the common point. 

The lines of intersection of the planes are called the edges, 
the portions of the planes between the edges, the faces, and 
the point of intersection of the edges, the vertex, of the 
pyramidal space. 

The edges and faces are supposed to be unlimited in length. 

398. A section of a pyramidal space, made by a plane 
cutting all of its edges on the same side of the vertex, is called 
a transverse section. 

399. The terms triangular, , n-gonal, concave, convex 

pyramidal space are defined as the like terms for prismatic 
space. 
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400. The portion of a pyramidal space included between 
the vertex and a transverse section is called a pyramid, the 
transverse section being called its base, and the vertex of the 
space, the vertex of the pyramid. 

Thus the figure V-ABC Ijelow is a pyramid, ABC being the base and 
V the vertex. 

The distance from the vertex of a pyramid to the plane of 
its base is called the altitude of the pyramid. 

Thus in the figure below, VV^ is the altitude of pyramid V-ABC. 
The signification of the terms edges, faces, transverse section, base edges, 
etc., of a pyramid can be inferred from the preceding definitions. 

401. The portion of a pyramidal space included between 
two transverse sections on the same side of the vertex is 
called a truncated pyramid; if the transverse sections are 
parallel, it is called a frustum of a pyramid, the two sections 
being called the bases of the frustum. 

A frustum of a pyramid is therefore a special form of a truncated 
pyramid. 

A pyramid is also a special case of a truncated pyramid, the upper 
base being zero. 

The distance from any point in one base of a frustum of a 
pyramid to the plane of the other base is called the altitude 
of the frustum. 




T, a truncated pyramid ; ABCXYZ^ a frustum of the pyramid V-ABC ; 
VVf the altitude of the pyramid ; ARC, XYZ, the lower and upper 
bases of the frustum ; XX , the altitude of the frustum. 
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Proposition VI. 

402. Theorem. Parallel transverse sections of a pt/rami- 
dal »pace are similar polygons^ whose areas are proportional 
to the squares of the distances from the vertex to the cutting 
planes. 




Given P, a pyramidal space with vertex F", cut by two 
parallel planes, -R, B\ making transverse sections 

ABC = S, A'B'C = S', respectively ; rX±R, 

VX'±B\ 

To prove that (1) S^ S', 

(2) S:S'= VX^: VX^, 

Proof. 1. •.• the sides of S are II to the sides of S\ 

VI, prop. XXIV 

.-. VA : VA' = VB : VB' = and so on for other 

points. IV, prop. X, cor. 2 

2. .'. S^ S'f which proves (1). § 258, def. sim. figs. 

3. And •/ AB : A'B' = VA : VA' = VX : VX\ 

IV, prop. X, cors. 1, 3 

and S:S' = AB^: A'B^, V, prop. IV 

,\S:S'=VX^: VX^. IV, prop. VII 
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Note. The definition of similar figures, given in Book IV, § 268, is 
general ; the center of similitude and the given figures may or may not 
be in the same plane. Thus in the figure on p. 296, V is the center of 
similitude of the triangles ABC and A'R^C\ and in the figure on p. 295, 
Y is the center of similitude of the triangles XYZ and ABC, Neither 
is the definition limited to plane figures ; we may have similar solids as 
well. Thus two balls are similar, or two cubes, or two regular tetra- 
hedra, etc. 

Corollaries. 1, If a pyramid is cut by a plane parallel 
to the base, (1) the edges and altitude are divided proportion- 
ally, (2) the section is similar to the base. 

If the planes in the proof on p. 296 are on the same side of F, step 3 
proves (1), and step 2 proves (2). Or, in the figure on p. 296, 

VV'.XX' = VAiXA, 

and t. ABC ^t. XYZ. 

2. In pyramids having equal bases and equal altitudes, 
transverse sections parallel to the bases, and equidistant from 
them, are equal ; if the bases are congruent, so are the sections. 

1. Let s, s' be the areas of the sections, b, b' the areas of the bases, d 
the distance of the section from the vertex, and a the altitude. 

2. Then from prop. VI, 

8:b = d:^: a^, 

and s':6' = d2:a2. 

.'.8:b = 8r:b\ Ax. 1 

3. But b = b', 

.'. 8 = 8'. 

4. And if the bases are congruent, so are the sections, since they are 
both similar and equal to the bases. 

3. The bases of a frustum of a pyramid are similar figures. 

For they are parallel transverse sections of a pyramidal space. Hence 
step 2, p. 296, proves the corollary. 



Exercise. 635. In the figure on p. 296, suppose Z ABC a right angle, 
AB = Z in., ^ C = 5 in. , FB = 10 in., and the area oi/\A'WC' = \2 sq. in. ; 
find the length of VB". 
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4. THE MENSURATION OF THE PRISM. 

403. Definition. The area of the prismatic surface of a 
prism is called the lateral area of the prism. 

Similarly for the pyramid, and for the cyUnder and cone, to be defined 
hereafter. 



Proposition VII. 

404. Theorem. The lateral area of a prism equals the 
product of an edge and the perimeter of a right section. 




Given the prism P; a right section R with sides Si, S2> 5 

/i,/2, the faces of the prism; e, an edge. 

To prove that the lateral area of P is 6 • (si + Sa + ). 

Proof. 1. .' • * by definition of right section, ^ ± e, . ' . Si ± e. § 339 

2. •.•/!> /2> are [U, Prop. V, cor. 2 

.*. area/i = e • Si. V, prop. II, cor. 3 

3. And '.' the edges are equal. Prop. V, cor. 3 
.*. area /a = e • S2> and so for the other faces. 

4. .*. lateral area = 6 • Si + e • 52 + = e • (si + Sj -f ). 

Ax. 2 
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405. Definitions. A prism whose edges are perpendicular 
to the base is called a right prism ; if the edges are oblique to 
the base it is called an oblique prism. 

E,g, on p. 301 12 is a right prism and is an oblique prism. So a 
cube is a special kind of a right prism, and the parallelepiped illustrated 
on p. 290 is an oblique prism. 

The distance from any point in one base of a prism to the 
plane of the other base is called the altitude of the prism. 
Similarly for a parallelepiped, which is a special kind of prism. 

Corollary. The lateral area of a right prism equals the 
product of the altitude and the perimeter of the base. 
For the altitude here equals the edge. 



Exercises. 636. Required the lateral area of a prism of edge 3 in., 
the right section being an equilateral triangle of area i V3 sq. in. Also 
the lateral area of one of edge 3 in., the right section being a square of 
diagonal V^in. 

637. Required the lateral area of a right prism whose base is a square 
of area 9 sq. in., and whose altitude equals the diagonal of the base. 
Also required the total area. 

638. Required the total area of a right prism whose base is an equi- 
lateral triangle of area i Vs, and whose altitude equals a base edge. 

639. Required the total area of a right prism whose base is a regular 
hexagon whose side is 1 in., the altitude of the prism being equal to the 
diameter of the circle circumscribing the base. 

640. Required the lateral area of a prism of edge J, the right section 
being a regular hexagqn of area f Vs. 

641. Required the total area of the prism mentioned in ex. 640, 
supposing it to be a right prism. 

642. A converse of prop. VI is as follows : If two similar polygons 
have their corresponding sides parallel, and lie in different planes, the 
lines through their corresponding vertices are concurrent. Prove it. 
(A generalization of the idea of similar figures in perspective ; see the 
definition of similar figures § 258, and the note at the top of p. 297.) 

643. Investigate and prove whether or not any three faces of a tetra- 
hedron are together greater than the fourth. 
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Proposition VIII. 

406. Theorem. Prisms cut from the same prismatic space 
and having equal edges are equal. 




Given two prisms, P, P', cut from the same prismatic 
space S, and having equal edges e. 

To prove that P = P\ 

Proof. 1. If Z" = the portion of the prismatic space between 
P and P', then by adding e to the edges of K, each 
edge of P + ^ = an edge of ^+ P'. Ax. 2 

2. Then *.* P -\- K can evidently slide along in the 
prismatic space and occupy the position of K-\-P\ 

,\P + K^K-\-P, §57 

3. .\P = P'. Ax. 3 

Corollaries. 1. Right prisms having equal altitudes and 
congruent bases are congruent. 

2. An oblique prism is equal to a right prism whose base 
and altitude are respectively a right section and edge of the 
oblique prism. 
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Proposition IX. 

407. Theorem. The two triangular prisms into which any 
parallelepiped is divided by a plane through two opposite 
edges are equal. 



Given and B, parallelepipeds with equal edges, cut from 
a prismatic space, E being right ; also, P, a plane 
through two opposite edges of that space, cutting 
B, into two triangular prisms, Ti and T2, Xi and 
X2, respectively. 

To prove that (1) T^ = T^, (2) X^ = JTg. 

Proof. 1. The base of T^ ^ the base of T^. I, prop. XXIV 

2. ••• they have the same altitude, .\ Ti= T^. Why ? 

3. Xi= Tiy and Xj = Tj. Prop. VIII 

4. And ••• Ti = T2, .-. Xi = X^. Ax. 1 

Corollary. A triangular prism is half of a parallele- 
piped of the same altitude, whose base is the parallelogram of 
which one side of the triangular base is the diagonal and the 
other two are the sides. (Why ?) 
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Proposition X. 

408. Theorem. Any parallelepiped is equal to a rectan- 
gular parallelepiped of equal base and equal altitude. 




Given a parallelepiped, III. 

To prove that III equals a rectangular parallelepiped as I, of 
equal base and equal altitude. 

Proof. 1. Let II be a parallelepiped on the same base, B, as 
III, formed by a rectangular prismatic space, H, 
cutting the prismatic space S of the figure. 

Let I be a rectangular parallelepiped cut from E, 
with a base B' = B, and a base edge e' consequently 
equal to base edge e of II. II, prop. I, cor. 4 

2. Then III = II, being part of S and having a com- 
mon edge. Prop. VIII 

3. And I = II, being part of E and having an equal 
edge. Prop. VIII 



4. 



Ill = I. 



Ax. 1 
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Proposition XI. 

409. Theorem. Two rectangular parallelepipeds having 
congruent bases are proportional to their altitudes. 




\ 


'\ 


V 










\ 


1 



Given two rectangular parallelepipeds, B and B\ with alti- 
tudes a and a' respectively, and with bases h. 

To prove that E:E' = a:a'. 

Proof. 1. Suppose a and a' divided into equal segments, I, and 
suppose a = nl, and a' = n'L 

(In the figures, n = 6, w' = 4.) 
Then if planes pass through the points of division, 
parallel to the bases, 

B = n congruent rectangular ppds. bl, 
and B' = n' " " " " 



^ ^ B n ' bl n a, 

'''B^^V^l^n^^a^' 



Why: 



Note. The student should notice the resemblance between this 
theorem and Bk. V, prop. X. The above proof assumes that a and a' 
are commensurable, and hence that they can be divided into equal 
segments I. The proposition is, however, entirely general. The proof 
on p. 304 is valid if a and a' are incommensurable. 



Exercise. 644. Given the diagonals, a, &, c, of three unequal faces 
of a rectangular parallelepiped, to compute the edges. 
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R 

R' 
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1. Suppose a divided into equal segments I, 

and suppose a = nl, while a' = n7 + some remainder 
X, such that x <L 

Then if planes pass through the points of division, 
parallel to the bases, 

R =n congruent rectangular ppds. bl, 
and R^ = n' « « « " + a re- 

mainder hx such that bx < hi. 



2. Then a' lies between n'l and (n* + 1) Z, 
and R' lies between n' • bl and (?i' -f 1) bL 

3. .*. — lies between — and ? 

a n n 

while -:;r- Hcs between — and 

R n n 



4. .*. — and -=r differ by less than — 
a R '^ n 



Why? 
Why? 



Why' 



5. And •.* — can be made smaller than any assumed 
n 

difference, by increasing n, 

/.to assume any difference leads to an absurdity. 



R' 



R 



^••'•a=^'^^^^^"^'=a'' 
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Proposition XII. 

411. Theorem. Two rectangular parallelepipeds of equal 
altitudes are proportional to their bases. 



\ \ 






Given two rectangular parallelepipeds, P, P\ having alti- 
tudes a, and bases be and yz, respectively. 

To prove that F:F' = bc: yz. 

Proof. 1. Suppose a rectangular parallelepiped Q to have an 
altitude a and a base yc. 



2. Then '.' ac may be considered the base of P and Q, 


P h 

■<? y 


Prop. XI 


3. And similarly, ^, = - 


Why? 


.-PS" 
• • P' y«* 


Why? 



412. Definition. The length, breadth, and thickness of a 
rectangular parallelepiped are called its three dimensions. 



Exercise. 645. If through a point on a diagonal plane of a parallele- 
piped planes are passed parallel to the two pairs of faces not intersected 
by the diagonal, the parallelepipeds on opposite sides of that diagonal 
plane are equal. (See II, prop. IV.) 
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Proposition XIII. 

413. Theorem. Two rectangular parallelepipeds are pro- 
portional to the products of their three dimensions. 









\ 


\ 


\ \ 


\ V 






.« 




a' 


\ \ 






a P 

b 




\' 


b 


\: 



Given two rectangular parallelepipeds, P, P', of dimen- 
sions a, b, c, and a', h\ c\ respectively. 



To prove that 



F'.r^ahc, a'Vc\ 



Proof. 1. Suppose a rectangular parallelepiped Q to have the 
three dimensions a\ b, c'. 



2. Then 

and 
3. 



p 
Q~ 


ac 


Q - 
p< 


b 
b'' 


p 
P'~ 


abc 
a'b'c' 



Prop. XII 
Prop. XI 

Why? 



Corollaries. 1. The volume of a rectangular parallele- 
piped equals the product of its three dimensions. 

This means that the number which represents the volume is the product 
of the three numbers representing the dimensions. That is, the number 
of times the unit of volume is contained in the given parallelepiped, is the 
product of the numbers of times the unit of length is contained in three 
concurrent edges. 

If P' is a cube, of edges 1, 1, 1; then P' is the unit of measure of 
volume. But P : P' then becomes P : 1, and aftc : 1 • 1 • 1 then becomes 
abc : 1. .'. P : 1 = dbc : 1, or P = aJbc. 
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2. The volume of any parallelepiped equals the product of 
its base and altitude. 

For (prop. X) it equals a rectangular parallelepiped of equal base and 
equal altitude. 

3. The volume of a triangular prism equals the product of 
its base and altitude. 

Cor. 2 with prop. IX, cor. Let the student give the proof in detail. 

4. The volume of any prism, equals the p7*oduct of its base 
and altitude. 

For it can be cut into triangular prisms by diagonal planes through 
a lateral edge, the sum of the bases of the triangular prisms being the 
base of the given prism. .*. cor. 3 applies. Let the student draw the 
figure and give the proof in detail. 

5. Any prism equals a rectangular parallelepiped of equal 
base and equ^d altitude. 

Cors. 4, 2. 

6. The volume of an oblique prism equals the product of an 
edge and a right section. 

Cor. 4 with prop. VIII, cor. 2. 

7. Prisms having equal bases are proportional to their alti- 
tudes. 

For if a is the altitude and h the base, then P = ab, and P' = a'b\ 
If 6 = b% then P" = a'b. Hence P iP" - aJb la'h = a.a', 

8. Prisms having equal altitudes are proportional to their 
bases. Prisms having equal bases and equal altitudes are 
equal. 

Let the student give the proof. 



Exercises. 646. What is the edge of the cube whose volume equals 
that of a rectangular parallelepiped with edges 2.4 m, 0.9 m, 0.8 m ? 

647. From the given edge e of a cube, compute (1) the cube's entire 
surface, (2) its diagonal, (3) its volume. 

648. Draw a figure illustrating geometrically the formula 

(a + 6)8 = a8 + 68 + 3 a^b + 3a62. 
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5. MENSURATION OF THE PYRAMID. 

414. Definitions. A regular pyramid is a pyramid whose 
base is a regular convex polygon, the perpendicular to which, 
at its center, passes through the vertex of 

the pyramid. ^ 

415. The slant height of a regular pyramid 
is the distance from the vertex to any side of i 
the base. / y 

E,g, VB in the annexed figure. / A 

/'/ I 1 ^"^\ 

416. The portion of the slant height of a \J / 1 / 

regular pyramid cut off by the bases of a b\ / 1/ 

frustum is called the slant height of the 

frustum. 

Corollary. The slant height of a regular pyramid^ or of 
a frustum of a regular pyramid, is the same on whatever face 
it is measured. 

Let the student show that the faces are all congruent ; hence that the 
slant heights are equal. 

Exercises. 649. To pass a plane through a given pyramid parallel to 
the base, so that the section shall equal half the base. 

650. The edges of a rectangular parallelepiped are 3, 4, 6 ; required 
the total area of the faces, the areas of its diagonal planes, the length of 
its diagonal line, and the lengths of the diagonals of its faces. Similarly 
for a cube of edge V2. 

651. If a cubic block of sandstone at a temperature of 0^ Centigrade 
has an edge 1 m long, and if for every 1® Centigrade increase of tempera- 
ture the edge increases 0.000012 of its length at 0®, find the volume at 40° 
Centigrade. 

652. A brick has the dimensions 25 cm, 12 cm, 6 cm, but on account 
of shrinkage in baking, the mold is 27.6 cm long, and proportionally 
wide and deep. What per cent does the volume of the brick decrease in 
baking ? 
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Proposition XIV. 

417. Theorem. The lateral area of the frustum of a 
regular pyramid equals half the product of its slant height 
and the sum of the perimeters of its bases. 




Given BB\ a frustum of a regular pyramid, h its slant 
height, s a side of base B and p its perimeter, s' a 
side of base B' and p' its perimeter, I the lateral 
area. 

To prove that I = :^ h {p -\- p'). 

Proof. 1. The area of each face = ^h (s -\- s'). 

V, prop. TI, cor. 5 
2. Adding all the faces, and remembering that p is 
the sum of the sides s, and p' of the sides s', we 
have l = ih(p -\-p'). 

CoROLLi^.RY. The lateral area of a regular pyramid equals 

half the product of its slant height and the perimeter of its base. 

For in the above theorem, let ^ = ; then s' and p' = ; .'.I = ^hp. 



Exercises. 653. Prove the above corollary independently of the 
theorem. 

664. What is the lateral area of a regular pyramid whose base is a 
a f- 
triangle of altitude 2 "^3, and whose slant height is a ? 

655. What is the total area of a frustum of a regular hexagonal 
pyramid whose base edges are respectively 3 — Vs and 3 + V3, and 
whose slant height is 10 ? 
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Pbopositiox XV. 

418. Theorem. Pyramids having equal bases and equal 
altitudes are equal. 




Given 



pyramids VAZ, V^AZ\ having equal bases, and 
having. equal altitudes h. 



To prove that pyramid VAZ = pyramid VA'Z'. 

Proof. 1. Suppose their bases in the same plane M, and their 
vertices on the same side of M, 

Suppose their altitude h divided into n equal parts 
and planes passed through the division-points par- 
allel to M. 

Then these planes will make equal corresponding 
transverse sections because the bases are equal. 

Prop. VI, cor. 2 

2. Suppose planes passed through the sides of these 
sections parallel to an edge of the pyramid, making 

a set of prisms in each pyramid. A, B, and 

A', B', 

3. Then •.• A = A', 

and B = B', Prop. XIII, cor. 8 

.■.A->rB+ = A' + B'+ Ax. 2 
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4. But if n increases indefinitely, 

A-^B-\- = pyr. VAZ, 

and ^' + J5' + = pyr. rA'Z'. 

5. .-. pyr. r^Z= pyr. VA'^. IV, prop. IX, cor. 1 

Corollaries. 1. A pyramid having a parallelogram for 
its base is divided into equal pi/ramids by a plane through its 
vertex and two opposite vertices of the ba^e. 

For the two pyramids have equal bases and a common altitude. 

2. A pyramid having a parallelogram for its base equals 
twice a triangular pyramid of the same altitude, whose base 
equals half that parallelogram, (Why ?) 

3. A triangular pyramid can be constructed equal to any 
given n-gonal pyramid. 

II, prop. XII, and this theorem. 



Exercises. 656. Find the area of the entire surface of a regular 
tetrahedron of altitude h. 

667. Find the altitude of a regular tetrahedron of total area a. 

658. Find, by § 417, the total area of a cube of edge e. 

659. What is the length of the base edge of a regular triangular 
pyramid which is equal to a regular hexagonal pyramid of the same 
altitude, the base edge being 1 ? 

660. In prop. XIV, cor., R was supposed to decrease to ; supposing 
instead, that R increases until it equals B, show that step 2 of the 
theorem gives the usual formula for the lateral area of a prism. 

661. Prove that frustums of pyramids having equal bases and equal 
altitudes, which themselves have equal altitudes, are equal. 

662. A pyramid has for its base a regular hexagon with its shorter 
diagonal Vs ; the altitude equals the longer diagonal ; required the 
lateral area of the pyramid. 

663. Find the total area of the pyramid mentioned in ex. 662. 

664. The lower base of a frustum of a regular pyramid is a square 
of area s^ ; the area of the upper base is half that of the lower one ; the 
slant height is s ; required the lateral area. 
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Proposition XVI. 

419. Theorem. A triarigular prism can be divided into 
three equal ti-iangular pyramids. 




Given ABCDEF, a triangular prism. 

To prove that ABODE F can be divided into three equal tri- 
angular pyramids. 

Proof. 1. \' A,E, C determine a plane, also C, D, E, § 330, 1 
.'. ABCDEF = three triangular pyramids, viz., 
E-ABC, E-ACD, C-DEF, Ax. 8 

2. But '.' AABC^ADEF, 

.-. E-ABC = C-DEF. Prop. XV 

3. And C-DEF = E-DCF = E-ACD, because they have 
a common altitude from E to plane ACFD, and 
equal bases. Prop. XV 

4. .-. E-ABC = C-J^^^i?* = E-ACD. Ax. 1 

Corollaries. 1. A triangular pyramid is one-third of a 
triangular prism of the same base and same altitude. 
For the prism is three times the pyramid. 

2. Any pyramid is one-third of a prism of the same base and 
same altitude. 

For, dividing the base into triangles by drawing diagonals, the pyra- 
mid may be considered as made up of triangular pyramids, each of 
which is a third of a triangular prism of the same base and same alti- 
tude ; hence the sum of the triangular pyramids, or the given pyramid, 
equals one-third the sum of the triangular prisms, or one-third of a 
prism of the same base and same altitude. 
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3. The volume of a pyramid equals one-third the product of 
its ba^e and altitude. 

Cor. 2, and prop. XIII, cor. 4. 

4. Pyramids having equal bases are proportional to their 
altitudes ; having equal altitudes^ to their bases. 

For if p = loft, and p' = i a'6', then — = -^— — = 

p' \ a'h' aV 

And if 6 = 6', then 

Or if a = a\ then _ - 

Or if a = a' and 6 = 6', then ^ = 1, or p = p', as stated in prop. XV. 

420. Definitions. A polyhedron which has for bases any 
two polygons in parallel planes, and for lateral faces triangles 
or trapezoids which have one side in common with one base 
and the opposite vertex or side in common with the other 
base^ is called a prismatoid. 

The altitude of a prismatoid is the perpendicular distance 
between the planes of its bases. 





_ a 
"a' 


ab 


b 



Exercises. 665. Find the volume of the pyramid mentioned in ex. 662. 

666. A church-tower is capped by a regular octagonal pyramid whose 
height is 65.5 m, and whose base edge is 4.9 m. Required the volume. 

667. A pentagonal pyramid has equal lateral and base edges, 1 in. 
Find the lateral area. 

668. Find the volume of a cube the diagonal of whose face is a V2. 

669. Each face of a given triangular pyramid is an equilateral 
triangle whose side is 3. Find the total area. 

670. Find the volume of the tetrahedron mentioned in ex. 656. 

671. Also of the pyramid mentioned in ex. 667. 

672. An edge of a regular octahedron is 1 in. Find the voluma 

673. A pyramid stands on a square base of edge 1 m ; the lateral edge 
of the pyramid is also 1 m. Find the lateral area and volume. 
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Proposition XVII. 

421. Theorem. The volume of a prismatoid of bases b and 
b', altitude h, and transverse section m midway between the 
bases,, is expressed by the formula 

r = -(6-|-6'-|-4m). 
6 




Fig. 1. 



Fio. 2. 



Fia. 3. 



Proof. 1. If any faxje, ABFE^ of the prismatoid P, is a trape- 
zoid, divide it into two triangles by a diagonal EB. 
Let V be any point in m ; join V to the vertices of 
r ; then P will be divided into two pyramids (Fig. 2) 
of bases b, b' and vertex V, and also pyramids of 
vertex V and triangular- bases ABE, etc. (Fig. 3.) 
Let EB meet m at i>; call A VDC m^, (Fig. 3.) 
2. Then the volume of 





and r-b' = ib'— Prop. XVI, cor. 3 




This completes Fig. 2. 


3. 


Pyramid V-AB£=E-CVD+ B-CVB+ V-ABC. 




Ax. 8 


4. 


Of these, E-CVD = i m, • |. 




and B-CVD = imi\- Prop. XVI, cor. 3 
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5. But r-/l^(7 = twice V-CBD (or B-CVD), 

'/ A ABC = twice A CBB, 
having edge AB = 2 • CD, and a common altitude. 

Prop. XVI, cor. 4 

7. .-. pyramid V-ABE = -'4:mi, Axs. 2, 8 
and .*. the sum of the pyramids of the form of 

V-ABE =\'4.m, Axs. 2, 8 

D 

8. .-. P = ^(6 4- 6' + 4m). Axs. 2, 8 

Note. The Prismatoid Formula, i? = - (6 + 6' + 4 jw), is of great value 

6 
in the mensuration of solids. From it can be derived formulae for the 
volumes of all of the solids of elementary geometry. 

Corollary. The volume of the frustum of a pyramid, of 

bases b, b', and altitude h, is o(b + b' 4- VW). 

For if e, c' are corresponding sides of 6, h\ then i (e + c') is the corre- 
sponding side of 9/1. (Why ?) 

= , and — -fr — —j= • (V, prop. IV.) 



i (e -I- O Vm 

.*. 4 m = 6 + 6' + 2 VftS*, which may be substituted in the Prismatoid 
Formula. 

Exercises. 674. By letting (1) 6' = 0, and (2) 6' = 6, show that 
(1) prop. XVI, cor. 3, and (2) prop. XIII, cor. 4, follow, as special 
cases, from the Prismatoid Formula. 

675. Calling a prismatoid whose lower base 6 is a rectangle of length I 
and width lo, and whose upper base 6' is a line e parallel to a base edge, 
and whose altitude is ^, a wedge^ find a fornmla for the volume of a 
wedge. 
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676. The base of a wedge is 4 by 6, the altitude is 6, and the edge e 
is 3.' Find the volume. (See ex. 675. ) Also, when e = 0. 

677. The altitude of a pyramid is divided into five equal parts by 
planes parallel to the base. Find the ratios of the various frustums to 
one another and to the whole pyramid. 

678. Two pyramids, P, P', have square bases, and are such that the 
altitude of P equals twice the altitude of P', but the base edge of P is 
half as long as the base edge of P', Find the ratio of their volumes. 

679. Find the volume of a cube whose diagonal is V3. 

680. A frustum of a pyramid has for its bases squares whose sides are 
respectively 0.6 m, 0.5 m ; the altitude of the frustum is 0.9 m. Find 
the volume. 

681. Given the volume v, and the bases 6, I/, of a frustum of a 
pyramid, to find a formula for (1) its altitude, (2) the altitude of the 
whole pyramid. 

682. A granite monument is in the form of a frustum of a square 
pyramid, surmounted by a pyramid ; the sides of the bases of the frustum 
are 1 m and 0.8 m, and the altitude of the frustum is 1.8 m ; the altitude 
of the pyramidal top is 0.45 m. A cubic meter of water weighs a metric 
ton, and granite is three times as heavy as water. Find the weight of the 
monument. 

683. An excavation 1.5 m deep, rectangular at top and bottom, and 
in the form of a frustum of a pyramid, has its upper base 10 ra wide and 
16 m long, and the lower base 7.6 m wide. How many cubic meters of 
earth would it take to fill it to a depth of 0.75 m ? 

684. The volume of a cube is six times that of the regular octahedron 
formed by joining the centers of the faces of the cube. 

685. Find the volume of a prismatoid of altitude 3.5 cm, the bases 
being rectangles whose corresponding dimensions are 3 cm by 2 cm, and 
3.5 cm by 5 cm. 

686. It is usual to find the volume of a pile of broken stones by taking 
the product of the altitude and the area of a transverse mid-section. 
Compare this with the Prismatoid Formula and find what relation it 
assumes between m and b -\-b\ Is this relation true in the case of a 
pyramid ? 

687. The volume of a pyramid equals the product of the altitude and 
a transverse section (parallel to the base) how far from the vertex ? 



BOOK VIII. — THE CYLINDER, CONE, AND 
SPHERE. SIMILAR SOLIDS. 



1. THE CYLINDER. 

422. Definitions. A curved surface is a surface no part of 
which is plane. 

The number of kinds of curved surfaces is unlimited, just as the 
number of kinds of curves in a plane is unlimited. But as among plane 
curves the circumference is the best known, so there are certain curved 
surfaces which are better known than others, and these are treated in 
this book. 

423. A cylindrical surface is a surface generated by a straight 
line, called the generatrix, which moves so as constantly to 
pass through a given curve, called the directrix, and to remain 
parallel to its original position. 

The surface of a piece of straight pipe, or the surface of the paper 
in a roll, is an example. 

424. A straight line in any position of 
the generatrix is called an element of the 
cylindrical surface. 

425. If the directrix is a closed curve, 
the cylindrical surface incloses a space of 
xmlimited length, called a cylindrical space. 

426. A section of a cylindrical space, 
made by a plane cutting its elements, is 
called a transverse section. If it is perpen- 
dicular to the elements, it is called a right 
section. 
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One form of a cylindric- 
al surface. ABCBD, 
the directrix ; BB', an 
element; 5C5', a por- 
tion of a cylindrical 
space. 
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As a transverse section of a prismatic space may be a convex, con- 
cave, or cross polygon, so a transverse section of a cylindrical space 
may be a curve of any shape if only its end-points meet. All theorems, 
if the signs are properly considered, will be seen to apply to each of the 
three forms of transverse section, corresponding to convex, concave, and 
cross polygons. The third is, however, too complex for treatment in 
elementary works. 

427. The poi-tion of a cylindrical space included between 
two parallel transverse sections is called a cylinder. 

E.g. the portion between planes P and P' in the figure on p. 319. 

The terms bases and aUitude of a cylinder will be understood, without 
further definition, from the corresponding definitions under the piism. 
The student should, throughout this section, notice the relation of cylin- 
drical spaces to prismatic spaces. 

A cylinder is considered as having the same directj-ix as its 
cylindrical space, and as having for elements the segments of 
the elements of the cylindrical surface included between its 



A cylinder is said to be right or oblique according as its 
elements are perpendicular or oblique to the bases. 

If the base of a cylinder is a circle, the cylinder is said to 
be circular. 

428. Postulate of the Cylinder. A cylindrical surface may 
he constructed with any directrix and with any original posi- 
tion of the generatrix. 

In solid geometry constructions are allowed which require other 
instruments than the compasses and straight-edge. For example, this 
postulate requires the generatrix to move constantly parallel to its origi- 
nal position, a construction manifestly impossible by the use of merely 
these two instruments. 



Exercises. 688. Draw a figure of a convex cylinder; a concave 
cylinder ; a cross cylinder. 

689. Prove that if a transverse section of a cylindrical space is per- 
pendicular to one element it is a right section. 
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Proposition I. 

429. Theorem. Parallel transverse sections of a cylinr 
drical space are congruent. 




Given a cylindrical space S, cut by two parallel planes, 
P, P\ so as to form two transverse sections, X, L\ 

To prove that L^L\ 

Proof. 1. Let AA\ BB\ CC be segments of elements between 
P and P', any point in P, and 00' II AA\ meeting 
P' at 0' ; join to A, B, C, and 0' to A\ B\ C\ 

2. Then 00\ A A' determine a plane. VI, prop. I, cor. 2 

3. And •.• OA II 0'A\ OB II O'i?', OC II O'C", § 367 

,\Aaob = aao'b\/.aoc=/:a'0'c\ §337 

4. Also, OA = O'A', OB = O'B', I, prop. XXIV 

.".if Z is placed on L' so that falls on 0' and OA 
lies on O'A'y A will fall on ^', i? on B', etc. 

5. Similarly, for every point of L there is a single 
corresponding point of L' on which it will fall. 

.*. the figures are congruent. § 57, def. congruence 

Corollaries. 1. The bases of a cylinder are congruent. 
2. The elements of a cylinder are equal. (Why ?) 
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Proposition IL 

430. Theorem. Cylinders cut from the same cylindrical 
spaccy and having equal elements^ are equal. 




s 

Given two cylinders, AD, A'D\ cut from the same cylin- 
drical space Sy and having equal elements AC, A^C\ 

To prove that AD = A'D\ 

Proof. 1. '.'AC = A'C\ 

and A^C = AC, 

.\AA'=CC'. Ax. 3 

2. Similarly for BB' and BD', and for all other seg- 
ments of the same elements, included between AB, 
A'B', and CD, CD'. 

3. And r CD^ AB, and CD' ^ A'B', Prop. I 
.'. solid CD' can be made to slide along in S and 
coincide with solid AB', since they are equal in all 
their parts. 

4. Adding the common part A'D, 

AD=A'D', Ax. 2 

Corollary. The cylindrical surfaces of two cylinders cut 
from the same cylindrical space, and having equal elements, 
are equal. 

For it is proved, in step 3, that they can be made to coincide. 



Secs. 431-434.] 



THE CONE. 
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2. THE CONE. 

431. Definitions. A conical surface is a surface generated by 
a straight line which moves so as constantly to pass through 
a given curve and contain a given point 
called the vertex. 

The terms generatrix^ directrix^ elements will be 
understood from §§ 423, 424. 

432. The portions of the conical surface 
on opposite sides of the vertex are called the 
nappes, and are usually distinguished as upper 
and lower. 

433. If the directrix is a closed curve, the 
conical ST:^rface incloses a double space, on 
opposite sides of the vertex, known as a 
conical space. 

A section of a conical space made by a 
plane cutting all of its elements on the same 
side of the vertex is called a transverse section. 




A conical surface. 
i)X, the directrix; 
r, the vertex ; iV, 
N\ the lower and 
upper nappes; 
F-i)X,acone,with 
base the closed 
figure DX. 



434. The portion of a conical space included between the 
vertex and a transverse section is called a cone, the transverse 
section being called its base. 

A cone is considered as having the same directrix and vertex 
as its conical space, and the segments of the elements between 
the vertex and base are called the elements of the cone. 

The distance from the vertex of a cone to the plane of the 
base is called the altitude of the cone. 

If the base of a cone is a circle, the cone is said to be 
circular. In that case the line determined by the vertex and 
the center of the base is called the axis of the cone. If this 
axis is perpendicular to the base, the cone is called a right 
circular cone ; if oblique, an oblique circular cone. 
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A right circular cone is often called a cone of revolution, 
because it can be generated by the revolution of a right-angled 
triangle about one of its shorter sides. A right circular 
cylinder is often called a cylinder of revolution, (Why ?) 

435. Postulate of the Cone. A conical surface may be con- 
structed with any directrix and any veHex, 

436. Relation of Cone and Pyramid. If points A, B, C, 

ai*e taken on the perimeter of the base of a cone, and joined to 
the vertex F, and if planes be passed through VA and VB, 

VB and VC, , a pyrajnid will be formed, called an inscribed 

pyramid. 

If the base of the cone is bounded by a convex curve, the base of the 
pyramid will be a polygon inscribed in it. But whether the base is 
convex or not, the pyramid is called an inscribed pyramid. 




Pyramids inscribed in cones. The first figure is a right circular cone. The 
inscribed pyramids are indicated by dotted lines. A, the altitude. 

437. If the base of the cone is a circle, and a regular 
polygon is circumscribed about it, the planes determined by 
the sides of the polygon and the vertex of the cone form, 
with the polygon, a pyramid which is said to be circumscribed 
about the circular cone. 

There are other forms of circumscribed pyramids, but the one here 
mentioned is the only one that is necessary for this work. 

The slant height of a right circular cone is defined as the 
slant height of the circumscribed pyramid. (Why ?) 
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438. If a pyramid is inscribed in or circumscribed about a 
cone, a transverse section of the pyramid and cone cuts off, 
toward the base, a frustum of a cone and an inscribed or circum- 
scribed frustum of a pyramid. 




ABCt a circumscribed frustum of a pyramid ; A'B'C^ an inscribed frustum of a 
regular pyramid ; «, the slant height of the frustum of the cone. 

The terms bases, aUUvde, aiid lateral surface will be understood from 
the terms used with the- pyramid and the frustum of a pyramid. 



From the above definitions it is evident that, if the 
inscribed or circumscribed frustum of a pyramid has equilateral 
bases, then if the number of lateral faces increases indefinitely, 
the frustum of the pyramid, its bases, and its lateral surface, 
approach as their respective limits the frustum of the cone, its 
bases, and its lateral surface, but that the altitude does not 
vary. If a frustum of a right pyramid be circumscribed about 
the frustum of a right circular cone, the slant height of the 
frustum of the pyramid may be called the slant height of the 
frustum of the cone. Hence the following 

440. Corollary. If ¥ is the frustum of a cone, and F' the 
inscribed or circumscribed frustum of a pyramid, of equilateral 
bases, and if bi, b2, 1, v are the bases, lateral surface, and 
volume, respectively, of F, and bi', bj', 1', v' the bases, lateral 
surface, and volume, respectively, of F', then if the number of 
faces of F' increases indefinitely, 

b/ = bi, bo' = b2, l' = l, v' = v. 
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Proposition III. 

441. Theorem. The lateral area of a fru%tum of a right 
circular cone equal% one-half the product of the slant height 
and the sum of the circumferences of its bases. 

Oiven a frustum of a right circular cone, I its lateral area, 
Ci and Cj the circumferences of its upper and lower 
bases, respectively, and s its slant height. 

To prove that / = is(ci + Ca). 

Proof. 1. Let l',Pi,p2f s be the lateral area, the perimeters 
of the upper and lower bases, and the slant height, 
respectively, of the circumscribed frustum i^ of a 
regular pyramid. 

2. Then l' = is(pi-h p^), VII, prop. XIV 

3. But if the number of faces of F increases indefi- 
nitely, I' = Z, 2?! = c'l , ^j = Ca, while the slant height 
is the same. § 440 

4. .'. ^ = i 5 (ci -h Cj). IV, prop. IX, cor. 1 

Corollaries. 1. If the radii of the upper and lower ba^es 
are ri, rj, respectively^ then 1 = 7rs(ri + r^). 

2. If Ti = the radius of the circle midway between the ba^es 
of the frustum, then 1 = 2 TrrjS. 

For r8 = (ri-|-r2)/2. Why? 

3. The lateral area of a right circular cone equals half the 
product of its slant height arid the circumference of the ba^e. 

If the upper base of a frustum of a cone decreases to zero, what does 
the frustum become ? At the same time what does Ci of step 4 become ? 

4. The lateral area of a right circular cylinder equals the 
product of its altitude and the circumference of the base. 

If, in step 4, Ci = Ca, what does I equal ? What does s equal ? 
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Proposition IV. 

442. Theorem. The volume of the fru%tum of a cone of 
bases bj, bg and altitude h is expressed by the formula 



v=3(bi + b3+ Vb^b^). 

Proof. 1. Let v\ A, b^, bj be the volume, altitude, and bases, 
respectively, of an inscribed frustum of a pyramid 
with an equilateral base. 

2. Then t;' = J (6i' -f ^2' -f VV^% VII, prop. XVII 

3. But if the number of faces of v^ increases indefinitely, 
i;' = Vj bi' = bi, bj == bz, while h is constant. § 440 

4. .-. t^ = I (bi + *2 + VM^). IV, prop. IX, cor. 1 

Corollaries. 1. 7/* the frustum is circular, and the radii 
of bi, ba are Ti, 12, respectively, then v = J Trh (ii^ + Tj^ + riij). 

2. If T^ = the radius of the circle midway between the bases 
of a frustum of a circular cone, and if his the altitude, and ii, 
Fj are the radii of the bases, then v = J Trh (ij* 4- Tj* + 4 v^). 

See prop. Ill, cor. 2. 

3. The volume of a cone of base b and altitude h is expressed 
by the formula v = J hb. 

Let &2 = in prop. IV. 

4. The volume of a circular cone, the radius of whose base is 
r, is expressed by the formula v = J Tri^h. 

5. The volume of a cylinder of base b and altitude h is 
expressed by the formula v = hb. 

Let 61 = 62. 

6. The volume of a cylinder of altitude h and ba^e radium r 
is expressed by the formula v = Trr^h. 
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3. THE SPHERE. 

443. Definitions. A sphere is the finite portion of space 
bounded by a suiface, which is called a spherical surface and is 
such that all points upon it are equidistant 
from a point within called the center of the 
sphere. 

A straight line terminated by the center 
and the spherical surface is called a radius, 
and a straight line through the center, 
terminated both ways by the spherical 
surface, is called a diameter of the sphere. 

A section of a sphere made by a plane 
is called a plane section. 




A sphere. 0,the center. 
Ov<,0/?, radii. AB.tk 
diameter. 



444. Corollaries. 1. A diameter of a sphere is equal to 
the sum of tivo radii of that sphere, 

2. Spheres having the same radii are congruent, and con- 
versely, 

3. A point is within a sphere, on its surface, or outside the 
sphere, according as the distance from that point to the center 
is less than, equal to, or greater than, the radius. 

445. Postulates of the Sphere. (Compare § 109.) 

1. All radii of the same sphere are equal, and hence all 
diameters of the same sphere are equal, 

2. If an unlimited straight line passes through a point 
within a sphere, it must cut the surface at least twice, 

3. If an unlimited plane, or if a spherical surface, intersects 
a spherical surface, it must intersect it in a closed line, 

4. A sphere has but one center. 

5. A sphere may be constructed with any center, and with a 
radius equal to any given line segment. 
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Proposition V. 
446. Theorem. A plane section of a sphere is a circle. 




Given a sphere with center 0, and a section ABDC made 
by a plane M, 

To prove that ABDC is a circle. 

Proof. 1. M intersects the sphere in a closed line. § 445, 3 

2. Suppose joined to two points AB on that line, 
and DC JLM) draw CA, CB. 

3. Then •/ A OCB, OCA are rt., and DC = DC, and 
OB = OA, 

.-. A CBO ^ACAO, and CB = CA, § 88, cor. 5 

So for any other points on the closed line. 

4. .'. ABDC is a circle and C is its center. 

§ 165, def. O 

447. Definitions. A great circle of a sphere is a circle 
passing through its center; a small circle, one not passing 
through its center. 

Corollaries. 1. The liyie determined hy the center of a 
sphere and the center of any small circle of that sphere is 
perpendicular to that circle. 

For the line OC from the center of the sphere perpendicular to the 
circle has been proved to coincide with the line determined by the center 
of the circle and the center of the sphere, and there is only one line from 
the center of the sphere perpendicular to the circle. 
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2. Of two circles of a sphere, the first is greater than, equal 
to, or less than, the second, a4xording as its distance from the 
center is less than, equal to, or greater than, that of the second. 

For AC^ = r^ - OC^ \ ,\ the smaller OC, the greater AC, etc. 

3. A grea^ circle has the same center and radius as the 
sphere itself; hence all greai; circles of a given sphere are eqtuU, 

4. A great circle bisects the sphere and the spherical surface. 
For if the two parts are applied one to the other, they will coincide ; 

if they did not, the definition of sphere would be violated. 

5. Two great circles bisect each other. 

They have the same center, and hence a common diameter. 

448. The student should notice the relation between the 
sphere and circle. Thus in prop. V and its corollaries : 

The Circle. The Sphere. 

A portion of a line cut off by a A portion of a ptorie cut off by 

circumference is a chord. a spherical surface is a circle. 

The greater a chord, the less its The greater a circle, the less its 

distance from the center. distance from the center. 

A diameter (great chord) bisects A great circle bisects the sphere 

the circle and the circumference. and the spherical surface. 

Two diameters (great chords) Two great circles bisect each 

bisect each other. other. 

Hence may be anticipated a line of theorems on the sphere, derived 
from those on the circle, by making the following substitutions : 

1. Circle, 2. circumference, 1. Sphere, 2. spherical surface, 

3. line, 4. chord, 5. diameter, 3. plane, 4. circle, 5. great circle. 

449. Definitions. The diameter of a sphere, perpendicular 
to a circle of that sphere, is called the axis of that circle, and 
its extremities are called the poles of that circle. 

The two equal parts into which a great circle divides a 
sphere are called hemispheres, their curved surfaces being 
called hemispherical surfaces. 

Corollary. The axis of a circle passes through its center. 
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Proposition VL 

450. Theorem. The straight lines joining any two points 
on the circumference of a circle of a sphere to one of the 
poles of that circle are equal. 




Given the circle ABC, and its poles P, P'; PA, PB con- 
necting P with any two points on the circumference. 

To prove that PA = PB. 

Proof. 1. ••• OP ±O^^C at C, .\ OP ± AC and BC, Why? 

2. And •.• PC = PC, and CA = CB, § 109 

,\AACP^A BCP, and PA = PB. Why ? 

Corollary. Great-circle arcs from a pole of a circle to 
points on the circumference of that circle are equal, (Why ?) 

451. Definitions. The length of the great-circle arc joining 
a pole to any point on the circumference of a circle is called 
the polar distance of the circle. 

The shorter polar distance of small circles is to be understood. 

A fourth of the circumference of a great circle is called a 
quadrant. 

Corollaries. 1. Circles of the same sphere, having equal 
polar distances, are equal, (Why ?) 

2. The polar distance of a great circle is a quadrant, (Why ?) 
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Proposition VII. 

452. Theorem, i)^, on a spherical surface^ each of the 
greaUcircle arcs joinhig a point to two other points (not the 
extremities of a diameter of the sphere) is a quadrant^ then 
tliat point is a pole of the great circle through those points. 




Given P, A, B, three points on a spherical surface, and 
such that PA = PB = a quadrant ; A, B are not 
extremities of a diameter ; is the center. 

To prove that P is the pole of the great circle ABO. 

Proof. 1. *.* PA = PB = a quadrant, 

.-. Z PDA = Z POB = a rt. Z. Ill, prop. II, cor. 2 

2. r.POJLQ ABO. VI, prop. VI, cor. 1 

3. .-. P is a pole of O ABO. § 449, def. pole 



Exercises. 690. How many points on a spherical surface determine 
a small circle ? How many, in general, determine a great circle ? 

691. Prove that parallel circles of a sphere have the same poles. 

692. In the theorem : A diameter which is perpendicular to a chord 
bisects it, make the substitutions suggested in § 448, and prove the result- 
ing proposition. 

693. Similarly for III, prop. VI. 

694. What is the locus of points at a given distance r from a fixed 
point C ? 
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Proposition VIII. 

453. Theorem. Of all planes through a point on a sphere 
the plane perpendicular to the radius drawn to that point is 
the only one that does not meet the sphere again. 




Given point P on a sphere with center 0, and 3f, N, two 
planes respectively perpendicular and oblique to OP 
at P. 

To prove that M does not meet the' spherical surface again, 
but that N does. 

Proof. 1. Let OB ± N, and OA be any oblique to M. 

Then '.• OP is oblique to N, Why ? 

.\0B< OP. VI, prop. XI 

2. And •.• OP A.M, 

.'. 0A> OP. VI, prop. XI 

3. .*. P is within, and A without, the sphere. 

§ 444, cor. 3 

4. .*. iV meets the spherical surface in more than one 
point. § 445, 3 

5. And •.* A is any point in M, except P, Step 3 
.'. ^ meets the surface only at P. 
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454. Definitions. A plane (or line) which, meeting a spher- 
ical surface in one point, does not meet it again, is said to 
be tangent to the sphere at that point. The point is called 
the point of tangency, or point of contact, and the plane (or line) 
is called a tangent plane (or line). 

Corollaries. 1. One and only one plane can he parsed 
through a given point on a sphere, tangent to that sphere. 
(Why?) 

2. Any tangent plane is perpendicular to the radius at the 
point of contact. 

For it cannot be obliqae and be a tangent plane. Step 4. 

3. A plane perpendicular to a radius at its extremity on the 
spherical surface is tangent to the sphere. 



Exercises. 695. To find a point in a given plane, equidistant from 
two fixed points in that plane, and at a given distance d from a point C 
not in that plane. Discuss for 0, 1, 2 solutions. 

696. Prove that the lateral area of any right cylinder equals the 
product of its altitude and the perimeter of the base. (Inscribe a prism 
and apply the theorem of limits.) 

697. How many square feet in the surface of a cylindrical water tank, 
open at the top, its height being 40 ft., and its diameter 40 ft. ? 

698. Considering the moon as a circle of diameter 2160.6 miles whose 
center is 234,820 miles from the eye, what is the volume of the cone 
whose vertex is the eye and whose base is the full moon ? 

699. Find a point whose distance from a fixed point is d and whose 
distance from each of two intersecting planes is d\ Discuss the solution 
as to impossible cases, and the number of such points for possible cases. 

700. Find the locus of points equidistant from two given points, and 
at a given distance d from a given point. 

701. To determine a plane which shall pass 

(1) through a given line and be (2) through a given point and be 

at a given distance from a given at a given distance from a given 
point, line. 
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Proposition IX. 

455. Theorem. Four points^ not coplanar^ determine a 
spherical surface. 




Giyen four points, A, Bj C, -D, not coplanar. 

To prove that A, B, C, D determine a spherical surface. 

Proof. 1. Draw AB, BC, CD, DA, AC. 

Let E be the circumcenter of A ACD, F of A ABC, 

EHJL ACD, FJ± ABC. 

2. Then F, F are on the ± bisectors oi AC-, call these 
± bisectors GF, GF. I, prop. XLI 

3. And •.• FA = FC = FD (Why ?), 

.'. any point on FH is equidistant from A, C, D. 

VI, prop. XI, 3 
Similarly, any point on FJ is equidistant from 
A, B, C. 

4. But CA ± plane FGF. Why ? 

5. .-. planes ABC, ACD ± FGF. Why ? 

6. .-. both FIT and FJ lie in plane FGF. 

VI, prop. XIX, cor. 1 

7. And '.* jPcT" meets FI£, uniquely, as at P, 

1, prop. XVII, cor. 4 
.'. P is the center of a sphere whose surface passes 
through A, B, C, D, and there is only one such sphere. 
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456. Definitions. A sphere is said to be circumscribed about 
a polyhedron if the vertices of the polyhedron all lie on the 
spherical surface ; the polyhedron is then said to be inscribed 
in the sphere. 

Corollaries. 1. Two spherical surfaces having four 
common points, not coplanar, coincide. 

For by step 7 they have the same center, P, and the same radius. 

2. The perpendiculars to the four faces of a tetrahedron, 
through the circumcenters of those faces, are concurrent. 

For each of these perpendiculars passes through P, the center of the 
sphere whose surface is determined by the four vertices. 

3. A sphere can be circumscribed about any tetrahedron. 

457. The angle between two great-circle arcs is defined as 
being the plane angle between tangents to those aics at their 
point of meeting. 

P 




E.g. the angle made by arcs AP^ BP is defined as the plane 
angle A'PR. 

458. From this definition follow these corollaries : 

1. The angle made by two arcs has the same numerical 
measure as the dihedral angle of their planes. (§ 359.) 

2. An angle made by two arcs has the same numerical meas- 
ure as the arc tvhich these arcs intercept on the circumference 
of the great circle of which the vertex is the pole. 

That is, ^PB = Z A'PR= ZAOB, which has the same numerical 
measure as ^^. 
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459. A spherical polygon is a portion of a spherical surface 
bounded by arcs of great circles. 

The words sides, angles^ vertices, etc., are used as with plane polygons. 

460. A spherical polygon is said to be convex when each 
side produced leaves the entire polygon on the same hemi- 
sphere ; otherwise it is said to be concave. 




In the figure, ABP is a convex polygon, for if any side, as PB, is 
produced it leaves the entire polygon on the hemisphere to the left of PB. 
But QRST is concave, because side SR, or QR, produced, leaves part of 
the polygon on one hemisphere thus formed, and part on the other. 

461. Corollary. No side of a convex spherical polygon is 
greater than a semicircumference. 

For it AP> semicircumference, suppose XP = a semicircumference. 
Then •.• great circles bisect each other (prop. V, cor. 6), PB must pass 
through X ; but then PB produced would leave part of the polygon on 
one hemisphere and part on the other, so that it could not be convex. 

462. A lune is a portion of a spherical surface bounded by 
the semicircumferences of two great circles. The angle of a 
lune is that angle toward the hme made by the bounding arcs. 

In the figure, PAP'B is a lune, and Z APB, or Z BP'A, is its angle. 
The limiting cases of a lune are evidently a semicircumference, when 
the angle is zero, and a spherical surface, when the angle is 360°. 

463. Corollary. Lunes on the same sphere, and having 
the same angle, are congruent. 

For one can evidently be made to coincide with the other. 
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Proposition X. 

464. Theorem. On the same sphere or on equal spheres 
lunes are proportional to their angles. 



(In this figure the eye is sappoeed to he looking down on the sphere 
from above the angle of the lune, as on the North Pole of the earth. This 
allows only half of each lune to be seen.) 

Given two lunes, C and D, with angles A and B respec- 
tively. 

To prove that A,B^ C\D, 

Proof. 1. If C and D are on different spheres, they can be 
placed in the relative positions shown in the figure. 

§ 444, cor. 2 
Suppose A and B divided into equal A, x, and sup- 
pose A = nx, and B = n'x. 

(In the figure n = 6, n' = 4.) 

2. Then C is divided into n congruent lunes, y, 

and D " " n' " " § 463 

3. ...|^^=-=^^:g. Why? 

B n'x n' n'y D ^ 



Exercise. 702. The six planes perpendicular to the six edges of a 
tetrahedron at the mid-points of its edges, meet in a point (Is this 
point the center of a particular sphere ?) 



Pbof.X.] the sphere. 337 

465. Proof for incommensurable case. (Compare § 410.) 



1. Suppose A divided into equal Ay x, and suppose 
A = nxj while B = n^x + some remainder w, such 
that w <x. 

Then C is divided into n congruent lunes, y, and 
D is the sum of n* congruent lunes, y, + a remain- 
der «, such that z <y, 

2. Then B lies between n^x and (n' + 1) x, Why ? 
and D « « w'y " (7i'+l)y. Why? 

3. .*. -^ lies between — and ^^ —^ Why? 

A nx nx 

while — lies between — and ^^ —- 

C ny ny 

4. .*. -7 and — both lie between — and 

A (J n n 

5. .'. — and — differ by less than — Why ? 

6. And *.* - can be made smaller than any assumed 
difference, by increasing n, 

.'.to assume any difference leads to an absurdity. 
„ B D . A C 

7. •••i=c'^^^^^^]^=:d' 
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466. Definition. The solid bounded by a lune and two 
semi-circles is called a spherical wedge. 

The angle of the lune is called the angle of the wedge. 
The word ungula is sometimes used for spherical wedge. 

Corollaries. 1. A lune is to the spherical surface on 
which it lies as the angle of the lune is to a perigon. 

For the spherical surface may be considered as a lune whose angle is 
a perigon. 

2. A spherical wedge is to the sphere of which it is a part 
as the angle of the wedge is to a perigon. 

In the proof of prop. X, if we should substitute the word wedge for 
the word lune^ and consider the sphere as a wedge whose angle is a 
perigon, the corollary would evidently be proved. 



Exercises. 703. To draw a plane tangent to a given sphere, from a 
point on the sphere. (See III, prop. XXVI.) Also, to draw one from 
an external point. 

704. To find the locus of centers of spheres whose surfaces (1) pass 
through two given points ; (2) are tangent to two given coplanar lines ; 
(3) are tangent to two given planes. (As special cases, the lines may be 
parallel and the planes may be parallel.) 

705. What is the locus of the centers of spheres whose surfaces (1) pass 
through the vertices of a given triangle ? (2) are tangent to the sides of a 
given triangle ? 

706. To find the center of a sphere whose surface includes both a 
given circumference and a point not in the plane of that circumference. 
(As a special case, suppose the point is on the perpendicular to the plane 
of the given circle through the center.) 

707. In the figure of prop. IX show that J^, G, F, P are concyclic. 
Hence show that six circumferences intersect by threes in the circum- 
centers of the faces of a tetrahedron, and all intersect in the center of the 
circumscribed sphere. 

708. To construct a sphere of given radius whose surface shall contain 
three given points. 

709. Also, of given radius whose surface shall contain two given 
points and be tangent to a given plane. 
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The Relation of Spherical Polygons to Polyhedral 

Angles. 

467. If the center of a sphere is at the vertex of a pyramidal 
space, the pyramidal surface cuts from the spherical surface 
two spherical polygons. 




In the above figure the two polygons are ABCD, A^RCU. 

These polygons have their like-lettered angles and sides 
equal respectively. 

For example, A A —A A\ since they have the same numerical measure 
as the opposite dihedral angles of planes ADOUA' and ABOB'A\ Also, 
AB = A^R^ since the central angles BOA and B'OA' are equal. 

468. But the equal elements of these polygons are arranged 
in reverse order. And as the polyhedral angles are called 
opposite and are proved (VI, prop. XXVI) symmetric, so the 
spherical polygons are called opposite spherical polygons. And 
since these have just been shown to have their corresponding 
elements equal but ai-ranged in reverse order, they ai-e called 
symmetric spherical polygons. 

Thus all opposite polygons are symmetric; but since polygons can 
slide around on the sphere, it follows that symmetric polygons are not 
necessarily opposite, although they are congruent to opposite polygons. 
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469. Since the dihedral angles of the polyhedral angles have 
the same numerical measure as the angles of the spherical 
polygons, and the face angles of the former have the same 
numerical measure as the sides of the latter, it is evident that 
to each property of a polyhedral angle corresponds a reciprocal 
property of a spherical polygon, and vice versa: This relation 
appears by making the following substitutions : 

Polyhedral Angles. Spherical Polygons. 

a. Vertex. a. Center of Sphere. 

b. Edges. b. Vertices of Polygon. 

c. Dihedral Angles. c. Angles of Polygon. 

d. Face Angles. d. Sides. 

470. In addition to the correspondences between polyhedral 
angles and spherical polygons, it will be observed that a 
relation exists between a straight line in a plane and a great- 
circle arc on a sphere. Thus, to a plane triangle corresponds 
a spherical triangle, to a straight line perpendicular to a 
straight line corresponds a great-circle arc perpendicular to a 
great-cii-cle arc, etc. The word arc is always understood to 
mean great-circle arc, in the geometry of the sphere, unless the 
contrary is stated. 

It is very desirable that every school have a spherical blackboard, with 
large wooden compasses for the drawing of both great and small circles. 
It is only by the use of such helps that students come to a clear knowl- 
edge of spherical geometry. K such a blackboard is at hand, it is recom- 
mended that many problems and exercises of Book I be investigated on 
the sphere. E.g. the problem, To bisect a given arc, corresponds to 
I, prop. XXXI, and the solutions are quite similar. Likewise the prob- 
lems. To bisect a given angle. To draw a perpendicular to a given line 
from a given internal point, etc., have their corresponding problems in 
spherical geometry. 



Exercise. 710. State without proof the proposition in the geometry 
of the sphere corresponding to the following : Every face angle of a con- 
vex polyhedral angle is less than a straight angle. 
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Proposition XI. 

471. Theorem. 

(a) In any trihedral angle^ (a') In any spherical tri- 

each face angle being less angle^ each side being less 

than a straight angle^ the than a semicircumference^ 

sum of any two face angles is the sum of any two sides is 

greater^ and their difference greater^ and their difference 

less^ than the third angle. less^ than the third side. 

Proof. In VI, prop. XXVII, with its cor. 1, (a) has been 
proved. Hence (a') is also proved. § 469 



Proposition XII. 

472. Theorem. 

(a) In any polyhedral angle^ (a') In any spherical poly- 
each face angle being less than gon, each side being less than 
a straight angle^ any face an- a semicircumference^ any side 
gle is less than the sum of the is less than the sum of the 
remaining face angles. remaining sides. 

Proof. In VI, prop. XXVII, cor. 2, (a) has been proved. 

Hence (a') is also proved. § 469 



Proposition XIII. 

473. Theorem. 

(a) In any convex polyhe- (a') In any convex spherical 
dral angle the sum of the face polygon the sum of the sides 
angles is less than a perigon. is less than a circumference. 

Proof. In VI, prop. XXVIII, (a) has been proved. 

Hence (a') is also proved. § 469 
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Proposition XIV. 

474. Theorem. 

(a) No face angle of a convex (a') No side of a convex 
polyhedral angle is greater spherical polygon is greater 
than a straight angle. than a semicircumference. 

Proof. From § 461, (a') is true. 

Hence (a) is also proved. § 469 

475. Definitions. If ABC If 0-ABC is a trihedral 
is 3, spherical trianffle, and -4', angle, and OA', OB', OC* are 





\^ ^^ 



B\ C are the poles of a, b, c, 
respectively, and if A and A', 
B and B', C and C" lie on the 
same side of a, b, c, respec- 
tively, then A A'B^C is called 
the polar triangle of ABC. 



perpendiculars to a, b, c, the 
faoes opposite A, B, C, respec- 
tively, and if A and A', B and 
B', C and C lie on the same 
side of a, b, c, respectively, 
then trihedral Z O-A'B'C is 
called the polar trihedral angle 
of 0-ABC 



In referring to polar triangles ABC^ A'B'C\ the above arrangement 
of elements will always be intended. Also, in referring to symmetric 
spherical triangles, ABC and A'BfC\ it will always be understood that 
Z.A-Z.A\ etc., and AB = A/W, etc. 

The polar triangle of ABC is often called the polar of ABC. 

It is evident from the one-to-one correspondence of § 475, that to 
every proposition concerning polar triangles corresponds a proposition 
concerning polar trihedral angles, and vice versa. 
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Proposition XV. 

476. Theorem. If one spherical triangle is the polar of a 
second^ then the second is also the polar of the first. 




Given a spherical triangle, ABC, and A'B'C^ its polar. 
To prove that A ABC is the polar of A A'B'C. 
Proof. 1. In the figure suppose ^C", -4 J5', drawn. 

2. Then, '.' B'isB, pole of b, 

.'. AB* is a quadrant. Prop. VI, cor. 2 

Similarly, '.' C" is a pole of c, 
.'. ^C" is a quadrant. 

3. .-. ^ is a pole of a'. Prop. VII 
Similarly, B and C are poles of b' and c', respectively. 

4. And *.* A, A' are on the same side of a', and so 
for the other vertices and sides, 

.\AABC is the polar of AA'B'C. § 475 

Corollary. If one trihedral angle is the polar of a second, 
then the second is also the polar of the first. 

For from the one-to-one correspondence of § 476, the proof is evi- 
dently identical with the above. 

Note. One triangle may fall entirely within or entirely without its 
polar; or one may be partly within and partly without the other. Simi- 
larly, one trihedral angle may fall entirely within or entirely without its 
polar trihedral angle, or may be partly within and partly without the latter. 
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Proposition XVI. 

477. Theorem. Any angle of a spherical triangle has ike 
same numerical measure as the supplement of the opposite 
side of its polar. 




Given ABC, a spherical triangle, and A'B'C its polar. 

To prove that the numerical measure of any angle C is 
180^ -c'; of C", 180° -c. 

Proof. 1. Suppose a, ft to cut c' in JSP, 2>', respectively, and a', 
b' to cut c in E, D, respectively. 

2. Measure of Z C = that of Z>Tfe'. § 468, 2 
But jfE' = AjET -f- ITB' - AB' 

= 90''-f-90°-^TB' = 180*'-c'. Why 90°? 

3. Similarly for Z C", substituting A, B, D, E, for 
A\ B\ D\ E\ and vice versa, in the above proof. 

Corollaries. 1. If two spherical triangles are mutually 
equiangular, their polars are mutually equilateral ; if mutually 
equilateral, their polars are mutually equiangular. 

2. The sum of the angles of 2', The sum of the dihedral 

a spherical triangle is greater angles of a trihedral angle is 

than one and less than three greater than one and less than 

straight angles. three straight angles. 
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For by prop. XIII (aO, < a' + 6' + c' < 360*». 
. by subtracting from 3 • 180°, 

3 • 180°>(180°-a0+ (180°-60 + (18a'-c')>180°. 
.by prop. XVI, 3-180°>Z^ +ZB -{^ZC >ISQP. 



478. Definitions. U ABCD 

X is a spherical polygon, 

and A\ B\ C\ D\ are the 

poles of XA, AB, BC, CD, 

, respectively, and if A\ 

B\ lie on the same side 

of XA, AB, that the 

polygon does, then A'B'CD' 



If 0-ABCD Xis 9. poly- 
hedral Z, and OA', OB', OC, 

0D\ are Js to planes OXA, 

OAB, OBC, , respectively, 

and if A', B', ..... lie on the same 
side of planes OXA, OAB, 

OBC, that the polyhedral 

angle does, then O-A'B'C'D' 



is called the polar polygon is called the polar poly- 

of ABCD hedral angle of 0-ABCD 

Polar trihedral angles are also called supplemental trihedral angles. 

479. A spherical triangle is said to be birectangular if it has 
two right angles, trirectangular if it has three. 



Proposition XVII. 
480. Theorem. 

(a) Two opposite or two (a*) Two opposite or two 

symmetric trihedral angles symmetric spherical triangles 

are congruent if each has are congruent if each has two 

two equal dihedral angles^ or equal angles or two equal 

two equal face angles. sides. 

Proof for (a'). 1. Their sides and angles are respectively equal 
but arranged in reverse order. § 468 

2. But if to the order ABC corresponds B'A'C, 

and if B' = A', then B' and A' may be interchanged. 

3. Then to the order ABC will correspond A'B'C, 
and the A are congruent by superposition. 
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Proposition XVIII. 

481. Theorem. Two %ymmetric spherical triangles on the 
same sphere or on equal spheres are equal. 



Given two symmetric spherical triangles, ABC, A'B*C\ on 
the same sphere. 

To prove that AABC = AA'B'C\ 

Proof. 1. The plane of A, B, C determines a small circle. 

2. Let O be the pole of the O, and similaiiy for O' and 
spherical A A'B'C\ 

3. Then '.• side AB = side A^', .'. chord AB = chord 
A'B', (In the figure they are not drawn because 
AB is so nearly straight.) Ill, prop. Ill 
Similarly for chords BC, B'C\ and CA, C'A\ 

4. .-. plane A ABC ^ plane A A'B'C, I, prop. XII 

5. .'. O ABC = O A'B'C, being circumscribed about 
congruent plane A. Why ? 

6. .-. 0A= 0B= 0C= (Fa^= OTb'= (fC\ Why? 

7. .-. spherical A AOB ^ ^'0'^', BOC ^ B'O^C\ 
COA ^ C'O'^'. Prop. XVII (a') 

8. .\/\ABC = /\A^B'C\ Ax. 2 
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Proposition XIX. 

482. Theorem. Two triangles on the same sphere^ or on 
equal spheres^ are either congruent or symmetric and equal if 

(a) two sides and the inr (b) two angles and the in- 
eluded angle eluded side 

of the one figure are equal to the corresponding parts of the 
other. 




Proof. If the parts are arranged in the same order, the 
triangles can be brought into coincidence, as in I, 
props. I, 11. 

If they are arranged in reverse order, then one 
triangle is congruent to the triangle symmetric to 
the other. Why? 

Corollary. Two trihedral angles are either congruent or 
symmetric and equal if 

(a) two face angles and the (b) two dihedral angles and the 
included dihedral angle included face angle 

of the one figure are equal to the corresponding parts of the 
other. 

For from the one-to-one correspondence of § 475, the proof is 
evidently identical with the above, without the labor of drawing the 
figures. 
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Pboposition XX. 
483. Theorem. 

(a) J^ a trihedral angle has (a') ^ a spherical triangle 
two dihedral angles eqtial to has two angles equal to each 
each other^ the opposite face other^ the opposite sides are 
angles are equal. equal. 

Given the A ABC, with /.A^AB. 

To prove that a = h, 

Proot. 1. Let A AB^C be symmetric to A ABC, so that 
a = a\ b = b'y etc. 

2. Then 'r ZA^ZB, 

.\ Z.A' must equal Z.B', and the A are congruent 
and a' = b. Prop. XIX 

3. But •.* a = a\ and a' = b, 

.\a — b, which proves (a'). Ax. 1 

Hence (a) is also proved. § 469 

Corollaries. 

1. (a) If a trihedral angle (a*) An equiangular spher- 
has its three dihedral angles ical triangle is equilateral, 
equal, it has also its three 

face angles equal. 

In A ABC, if AA — AB, then a = 6 ; and \l AG also equals A B, 
c also equals b, 

,.if AA= AB = AC, a = h=zc. Ax. 1 

2. (a) If a trihedral angle (a') If a spherical triangle 
has two face angles equal to has two sides equal to ea^h 
each other, the opposite dihe- other, the opposite angles are 
dral angles are equal, equal. 

The proof is almost identical 
with that of I, prop. Ill, and 
hence is left for the student. 
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Pboposition XXI. 

484. Theorem. Two triangles on the same sphere^ or on 
equal spheres^ are either congruent or symmetric and equal if 

(a) ths three sides (b) the three angles 

of the one figure are equal to the corresponding parts of the 
other. 




(a) Giyen A ABC, A'B'C, mutually equilateral, the sides being 
arranged in the same order ; also A ACX symmetric 
to A A'B'C. 

To prove that A ABC = A A'B'C, A ABC is symmetric to 
A ACX. 

Proof. 1. Place A ACX as in the figure ; draw B^. 

Then Z BXC = Z CBX, 

and Z AXB = Z XBA. Prop. XX, cor. 2 

2. .\ZAXC = ZCBA, 

i.e. Z J5 = Z X = Z ^'. Ax. 3 

Similarly with the other angles. 

3. .\AA^B^C^AABC. Why? 

4. And A ABCi^ symmetric to A ACX. Why ? 
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(b) Giyen (Let the student state it.) 




To prove (Let the student state it.) 

Proof. 1. Their polars are mutually equilateral. Why ? 

2. .'. their polars are congruent or symmetric. Why ? 

3. .'.A ABC and A A^B'C^ are mutually equilateral. 

Props. XV, XVI, cor. 1 

4. .-. A^^C^orsymmetrictoA^'J5'C". Prop. XXI (a) 

CoROLLAKY. Tivo trihedral angles are either congruent or 
symmetric and equal if 

(a) the three face angles (b) the three dihedral angles 

of the one figure are equal to the corresponding parts of the other. 



Exercises. 711. A plane isosceles triangle can have its equal sides of 
any length. Discuss as to a spherical isosceles triangle on a given sphere. 

712. As with plane triangles, the pole (circumcenter) may fall outside 
the triangle, or on a side. Prove theorem 481 for those cases. 

713. Prove I, prop. XII (a corresponding theorem of Plane Geometry) 
by the method of prop. XVIII. 

714. Draw the figure of a spherical quadrilateral and its polar; also 
of a four-faced polyhedral angle and its polar. 

715. Prove that if one spherical polygon is the polar of another, then 
the second is the polar of the first. State the reciprocal theorem for 
polyhedral angles. (The special case of the quadrilateral may be taken.) 
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Pboposition XXII. 

485. Theorem. For a great circle to be perpendicular to a 
small circle^ it is necessary and it is sufficient that the circum- 
ference of the former pass through a pole of the latter. 




Given a small circle S, with F and P' its poles, G a great 
circle, and the center of the sphere. 

To prove that for G to be ± to aS it is necessaiy and it is 
sufficient that its circumference pass through P. 

Proof. 1. FF' ± S. Def. pole 

2. And if G passes through P it passes through FF', 
and G±S, VI, prop. XVIII 

3. .'. it is sufficient that G contain P. 

4. Furthermore it is necessary; for if G A- S, then FF' 
lies in G or else FF' II G, Why ? 

5. But FF' is not II to G, for each contains 0. Why ? 

6. .'. it is necessary, and it is sufficient, that G contain P. 

GoBOLLABiES. 1. Through a point X, within or on a sphere, 
it is possible to pass one great circle perpendicular to a given 
circle S, and only one unless "K is on the straight line through 
the poles of S. 

For PP" passes through the center O, and PR and X determine a great 
circle ± S, unless X is on PP'. (Why ?) May X be without the sphere ? 
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2. If the circumferences of two great circles are drawn per- 
pendicular to a third circumference, they will intersect at the 
poles of the circle of that third circumference, 

486. Definition. If a great circle is perpendicular to a small 
circle, their circumferences are said to be perpendicular to each 
other. 



Proposition XXIII. 

487. Theorem. If from a point on a sphere arcs of great 
circles both perpendicular and oblique^ are drawn to any 
circumference^ then, 

1. The shorter perpendicular is less than any oblique; 

2. Two obliques cutting off equal arcs from the foot 
of this perpendicular are equal; 

3. Of two obliques cutting off unequal arcs from the 

foot of this perpendicular, the one cutting off the greater 

arc is the greater. 

N 




Given S, any circle of a sphere; P any point on the 
spherical surface; minor arcs, PC _L circumference 
aS, pa, PB, PD obliques ; BC = CD, and AC :> CD 
or its equal BC. 

To prove that (1) PC <PB\ 

(2) PB = PD', 

(3) PA> PD or its equal PB. 
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Proof. 1. Suppose N the pole of S, on the same side of /S as 
P; dT2iW NA, NB, Nb. 

2. CP produced passes through N, Prop. XXII, cor. 2 

3. NB, or its equal NC, < NP -\- FB. Prop. XI, (a') 

4. .\PC<PB, Why? 

5. The radius of O /S through C is _L to chord BD and 
bisects it as at Q (not shown in figure). Why ? 



6. 


.•.i>5 J. plane iVPC. 




Why? 


7. 


.-. plane ^X>$P=Pg5, 




Why? 




and plane A QPD = QPB. 




I, prop. I 


8. 


.-. PB = Fd. 


Ill 


, prop. IV 


9. 


PE+EB> PB, and EA > EB. 




Why? 


10. 


.-. PE + ^2, or p2, > PP. 







488. Definition. The excess of the sum of the angles of 
a spherical w-gon over (n — 2) straight angles is called the 
spherical excess of the n-gon. 

Hence the spherical excess of a 2-gon (lune), 3-gon (triangle), 4-gon, 
is the excess of the sum of its angles over 0, 1, 2, straight angles. 



Exercises. 716. Prove that if in prop. XVI the word polygon is sub- 
stituted for triangle, the resulting theorem is true, and state the corollary 
that follows from it, analogous to corollary 1 of prop. XVI. 

717. What is meant by the spherical excess of a spherical decagon ? 
What is the spherical excess, in degrees, of a triangle whose angles are 
76°, 90°, 100°? 

718. What is the spherical excess, in radians, of a triangle whose 
angles are 80°, 90°, 100° ? Also of a triangle whose angles are 1, 2, and 
3 radians, respectively ? 
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Proposition XXIV. 

489. Theox^m. A spherical triangle equals a lune whose 
angle is half the spherical excess of the triangle. 




B' 
Given T, a spherical triangle, with angles a, h, c. 

To prove that T = a lune whose angle is ^ (a -f ft H- c — st. Z). 

Proof. 1. Let A, B, C = lunes of A a, ft, c, respectively (in 
the figure they are AA', BB', CC), and S = surface 
of sphere. 

2. A AB'C and A'BC are mutually equilateral, for 
AC -\- CA = semicircumference = A'C -\- CA ; hence 
AX! = AC', and so for the other sides. Ax. 3 

3. .-. A^J5'C' = A^'^C,sothat TH- A^J5'C"=luneA 

Prop. XXI 

4. .\A-h(B- T) + (C-T)=i S, Ax. 8 
or T = i(A-hB-{-C-iSy Axs. 3, 7 

5. But '.' i S= a, lune whose Z is a st. Z, § 462 
.'. T = a lune whose Z is J^ (a + ft + c — st. Z). 

Corollary. A spherical polygon equals a lune whose angle 
is half the spherical excess of the polygon. 

For the polygon can be cut into triangles as in Plane Geometry. 
The practical method of measuring a spherical polygon is given in 
§ 493, cor. 3. 
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4. THE MENSURATION OF THE SPHERE. 

Proposition XXV. 

490. Theorem. The area of the surface of a sphere of 
radius r is 4 7rr2. 

B 




Proof. 1. A semicircle cut off by a diameter X'X, revolving 
about X'X as an axis, generates a sphere. 

2. Let AB be one of a number of chords inscribed in 
arc XBX\ forming half of a regular polygon. 

Let OM 1. AB, thus bisecting it ; III, prop. V 

let AA'y MM', BB\ all be _L to XX, and ^(7 II XX, 

3. Then AB, revolving about axis XX, generates the 
surface Z = 2 tt • ^i? • M'M, Prop. Ill, cor. 2 

4. But \' AACB^A MM'O, Why ? 

.-. OM : M'M= AB : AC = AB : A'B', 

5. ,\AB' WM =A'B'' OM. IV, prop. I 

6. .-. Z = 2 TT • A^B' ' OM Subst. in 3 

7. Summing for all frustums, including two cones, the 
sum of the lateral surfaces = 2 tt • OM • (XA' 4- 
A'B' 4- ) = 27r • 0M'2r. Axs. 2, 8 

8. But if the number of sides increases indefinitely, the 
siun of the lateral surfaces = surface of sphere, s, 
and OM = r ; 

.•.5 = 27r-r-2r = 47r/^. IV, prop. IX, cor. 1 
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491. Definitions. That part of a spherical surface which 
is included between two pai-allel planes which cut or touch 
the surface, is called a 

zone. I — — V 

The solid bounded / ^T " ^ a - \ 

by the zone and the / ^ ^ ^ \ 

two parallel planes is _ ^ u • i * t « * « 

^ ^ Zones and spherical segm^its. In first figure, 

called a spherical seg- lower base is zero. 

ment. 

The distance between the two parallel planes determining a 
zone and a spherical segment is called the altitude of the zone 
and the segment. 

The circumferences in which the planes intersect the spher- 
ical surface are called the bases of the zone, and the circles are 
called the bases of the segment. 

In case of tangent planes the bases may one or both reduce to zero. 
If one base only reduces to zero, the zone, or segment, is said to have 
one base. 

492. Definition. As a plane angle is often said to be 
measured by the ratio of the intercepted arc to the whole 
circumference (§ 256), so a polyhedral angle is said to be 
measured by the ratio of the intercepted spherical polygon to 
the whole spherical surface. 

The practical method of measuring a polyhedral angle is given in 
§ 493, cor. 4. 

493. Corollaries. 1. The area of a zone of altitvde a, on 
a sphere of radius i, is 2 Trra. 

For, prop. XXV, step 7, the sum of the lateral surfaces may approach 
as their limit a zone, in which case X'A' + A'B' + = a, and OM = r, 

2. The area of a tune of angle a {expressed in radian measure) 
on a sphere of radius t, is 2 ar*. 

By prop, X, i : 4 ^rr^ = a : 2 ;r. 

3. The area of a spherical polygon of spherical excess a 
(expressed in radian measure) is ai\ 
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For by prop. XXIV, the polygon equals the lune whose angle is or/ 2. 
.'. the area — 2 • — • r^ = ar^, by cor. 2. 

4. The measure of a polyhedral angle whose intercepted 

spherical polygon has a spherical excess a is - — 

47r 



ar 



.2 



For by definition, § 490, it is t — ^• 

6. The area generated hy a chord of a circle revolving ahout 
a diameter which does not cut it, equals 2'ir times the product 
of its projection on that diameter, and the distance from the 
center to the chord, (Why ?) 

6. The areas of two spheres are proportional to the squares 

of their radii, 

^ a 4;rr2 r^ 

For — = = — • 

a' 4;rr'2 r'a 



Exercises. 719. What is the area of a spherical triangle the sum of 
whose angles is 4 radians, on a sphere of radius 1 ft. ? 

720. Also of one the sum of whose angles is 270°, r being 2 ft. ? 

721. Also of one the sum of whose angles is 180°, on any sphere ? 

722. Also of one the sum of whose angles is 237° 29^, r being 10 in. ? 

723. Also of a spherical quadrilateral the sum of whose angles is 
417° 29^, on a sphere of radius 2 in. ? 

724. Also of a spherical pentagon the sum of whose angles is 4 straight 
angles, on a sphere of radius 5 in. ? 

726. What is the measure in radians of a polyhedral angle the spherical 
excess of whose intercepted spherical polygon is 8 ;r ? 

726. What is the ratio of a trihedral angle the sum of the angles of 
whose intercepted spherical triangle is 1.6 ;r radians, to a tetrahedral 
angle the sum of the angles of whose intercepted spherical quadrilateral 
is 2.5 ^ radians ? 

727. What is the area of a spherical triangle whose angles are 70°, 
80°, 90°, on a sphere of diameter 20 in. ? 

728. Show that a trirectangular triangle is its own polar. 

729. The locus of points on a sphere, from which great-circle arcs 
perpendicular to the arms of an angle are equal, is the great-circle arc 
bisecting that angle. 
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Proposition XXVI. 

494. Theorem. Two solids lying between two parallel 
planes^ and sibch that the two sections made by any plane 
parallel to the given planes are equals are themselves equal. 



ujtEEI 



FlO. 2. 



FlO. 1. 



Given two solids, S, S', lying between parallel planes, 
M, N, and such that the two sections A, A\ or B, 

B\ , made by any plane Q, or B, , are equal, 

i.e. A = A\B== B\ 

To prove that S= S\ 

Proof. 1. Let K, K^ be two segments of S, S\ lying between 
the sections A and B, and A^ and B^ ; let the alti- 
tude of K, K' be 1/n of the altitude h oi S and S', 

2. Suppose two straight lines to move so as always to 
be perpendicular to Q, and to touch the perimeters 
of A, A\ thus generating two cylinders (or prisms, 
or combinations of cylinders and prisms) of altitude 
h/n as in Fig. 2. As the volumes of both prisms 
and cylinders are expressed by the same formula, 
V = hh, we may speak of these solids as cylinders, 
C, C\ 

3. Then C = C\ since they have equal bases and alti- 
tudes ; and so for other pairs of cylinders described 
in the same way, with altitude h/n. 
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4. .*. the sum of the solids like (7 = the sum of the 
solids like C", whatever n equals. 

5. But if n increases indefinitely, h/n decreases in- 
definitely, and it is evident that the sum of the 
solids like C == S, while the sum of the solids like 
C" = S\ 

6. .\S=S\ IV, prop. IX, cor. 1 

495. This important proposition is known as Cavalieri's 
theorem. It will be seen that VII, prop. XV, is merely a 
special case of this proposition. We shall base the mensura- 
tion of the volume of the sphere upon it. Solids of this kind 
are often called Cavalieri bodies. 



Exercises. 730. A sphencal triangle is to the surface of the sphere 
as the spherical excess is to eight right angles. 

731. The locus of points on a sphere, from which great-circle arcs to 
two fixed points on the sphere are equal, is the circumference of a great 
circle perpendicular to the arc joining those points at its mid-point. 

732. There is evidently a proposition of plane geometry analogous to 
Cavalieri's theorem, beginning, ** Two plane surfaces lying between two 
parallel lines " State this proposition and prove it. 

733. From ex. 732 prove that triangles having equal bases and equal 
altitudes ai*e equal. 

734. What is the ratio of the surface of a sphere to the entire surface 
of its hemisphere ? 

735. Prove that the areas of zones on equal spheres are proportional 
to their altitudes. 

736. Find the ratio of the surfaces of two spheres, in terms of their 
radii, ri and r2. 

737. What is the ratio of the area of a great circle of a sphere to the 
area of its spherical surface ? 

738. If a meter is 0.0000001 of a quadrant of the earth's circumfer- 
ence, and the earth is assumed to be a sphere, how many square myria- 
meters of surface has the earth ? 

739. What is the radius of the sphere whose area is 1 square unit ? 
Answer to 0.001. 
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Proposition XXVII. 

496. Theorem. The volume of a sphere of radius r is 
expressed by the formula v = J ttA 



Proof. 




1. Suppose the sphere circumscribed by a cylinder, 
and suppose two cones formed with the bases of 
the cylinder as their bases, and their vertices at the 
center of the sphere. 

Suppose the solid to be cut by a plane Q, parallel 
to the bases, and x distant from the center of the 
sphere. 

2. Then since x also equals the radius of the O cut 
from the cone, because the altitude of the cone 
equals the radius of its base, 

.'. area of ring CD between cone and cylinder 
= Trr^ — 7rx% 
= TT (r^ — x^. 

3. But the area of the O AB cut from the sphere is 
also TT (r^ — x^, because its radius is Vr^ — a?*. 

4. .*. the sphere and the difference between the cone 
and cylinder are two Cavalieri bodies, and .*. they 
are equal. Prop. XXVI 



6. 



,\v = irr^ ' 2r ■ 



.jrr'^^^^jrr^. Why ' 
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Corollaries. 1. The volume of a sphere equals two- 
thirds the volume of the circumscribed cylinder. (Archimedes's 
theorem.) 





The area of the circumscribed cylinder is evidently itr^ • 2 r, or 2 ;rr*. 
And J 3rr» is f of 2 itr*. 

2. The volume of a sphere equals the product of its surfa/^e 
by one-third of its radius. 

For the surface is 4 jrr^, prop. XXV ; and J ;rr« = ^ r • 4 itr^. 

3. The volumes of two spheres are proportional to the cvhes 
of their radii. 

4. The volume of a spherical segment of one base, of altitude 
a, is expressed by the formula v = J 7ra*(3 r — a). 

For, as in the theorem, it equals the difEerence between a circular 
cylinder of radius r and altitude a, and the frustum of a cone, of the 
same altitude and with bases of radii r and (r — a). 

.-. 1) = Ttr'^a -\ita [r^ -\- (r - a)^ + r (r - a)] Prop. IV, cor. 1 

= \ita^(Zr-a). 

497. Definitions. A spherical sector is the portion of a sphere 
generated by the revolution of a circular 
sector about any diameter of its circle as 
an axis. 

The base of the spherical sector is the 
zone generated by the arc of the circular 
sector, and the altitude is the altitude of 
that zone. 

If the base of the spherical sector is a 
zone of one base only, the spherical sector 
is called a spherical cone. 




Spherical sectors. The 
upper one a spherical 
cone. 
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Corollaries. 1. The volume of a spherical cone, whose base 
b has an altitude a, is expressed by the formula v = f 7ri*'a, or 
V = i br. 

For it evidently equals the sum of a cone and a spherical segment 
of one base. What does the latter equal, by § 496, cor. 4 ? Show that 
the cone — \ic(r — a)\r^—(r — a)*]. Then add the results, and show 
that the sum is | nrH. But 6 = 2 jrra. (Why ?) 

2. The volume of a spherical sector, whose base is b and alti- 
tude a, is expressed by the formula v = § 7rr% or v = J br. 

For it equals the difference between two spherical cones. 
Suppose these to have altitudes ai , Os , 

and bases 6i , 62 1 

and volumes ri , tJ2 , respectively. 
Then r = tji - ©a = J nr^i - f nr^a^ = |;rr2(ai - Oj). 
But ai - Oa = a. (Why ?) 
.-.0 = 1 Tcr^a. Now show that « = J 6r. 



Exercises. 740. Show that if the directrix of a cylinder is the cir- 
cumference of a great circle of a sphere, and the generatrix is perpen- 
dicular to that circle, and the bases of the cylinder are circles tangent 
to the sphere, then the cylinder may be said to be circumscribed about 
the sphere. 

741. After considering ex. 7^0, show that the surface of a sphere is 
two-thirds the entire surface of the circumscribed cylinder. (Archimedes. ) 

742. Find the ratio of a spherical surface to the cylindrical sui-face of 
the circumscribed cylinder. 

743. What is the radius of that sphere the number of square units of 
whose area equals the number of linear units in the circumference of one 
of its great circles ? 

744. What is the ratio of the entire surface of a cylinder circum- 
scribed about a sphere to the entire surface of its hemisphere? 

745. What is the area of the entire surface of a spherical segment the 
radii of whose bases are ri, ra, the radius of the sphere being r ? 

746. A cone has for its base a great circle of a sphere, and for its 
vertex a pole of that circle. Find the ratio of the curved surfaces of the 
cone and hemisphere ; of the entire surfaces. 

747. Show that the area of a zone of one base (the other base is zero) 
equals that of a circle whose radius is the chord of the generating arc. 
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Proposition XXVIII. 

498. Theorem. The volume of a spherical segment of 
altitude a, whose bases have radii r^, r2, is expressed by 
the formula 

v = j7ra[3(ri2 + ra«)-ha2],or 

V = j7ra(ri2 4.r204.j7ra^ 




Proof. 1. Let the above figure represent a segment cut from 
the figure of prop. XXVII. 

2. Then if the distances of the circles of radii r^ and 
ra, from the center 0, are x^ and x^, respectively, 
the radii of the bases of the frustum of the cone 
are x^ and Xj. Why ? 

3. V = cylinder — frustum, Prop. XXVII, step 4 

= iTT^a — J Tra (x^ + x^ + x^x^ Prop. IV, cors. 1, 6 

= J TTflt (6 r* - 2 a^i^ - 2 x^x^ - 2 x^ 

= i Tra [3 if - xi^) -f 3 (r« - x^) 4- (x^ - x^^\ 

4. But '.* a = Xi — Xa > and r^ = ^^ — x^ ^ 



and 



^2^ 



^2 J 






Exercise. 748. Within an equilateral triangle of side s is inscribed 
a circle ; the triangle revolves about one of its axes of symmetry, thus 
generating a sphere and a cone. Find the ratio of their curved surfaces. 

749. Also find the ratio of their entire surfaces. 
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5. SIMILAR SOLIDS. 

499. The definitions of similar systems of points and similar 
figures given in §§ 257, 258 axe not limited to plane figures. 
The lines forming the pencil need not be coplanar. In case 
they are not coplanar, a pencil of lines is often called a sheal 
of lines. The similar figures may then be plane, or they may 
be curved surfaces, or solids, etc. The definitions and corol- 
laries on pages 182-184 are therefore the same for solid 
figures as for plane, and should be reviewed as part of this 
section. 

Polyhedra which have equal face and equal dihedral angles, 
and equal edges, but have these parts arranged in reverse 
order, are said to be symmetric. 

The polyhedral angles are then respectively symmetric. 



Proposition XXIX. 

500. Theorem. If two polyhedra are similar^ their corre- 
spondingfaee and dihedral angles are equals their correspond- 
ing polyhedral angles are either congruent or symmetric^ and 
their corresponding edges are in proportion^ the constant 
ratio being the ratio of similitude. 




Given two similar polyhedra, AiBiCi and A^B^C^- 

or AiBiCi and A^B^Cz 
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To prove that (1) Z B^i^i = ^ B2A2D2 or Z ^g^sA ; 

(2) dihedral angle with edge AiBi = dihedral angle 
with edge A^Bzy or with edge AsB^-, 

(3) polyhedral angle Ai = polyhedral angle A2 and 
is symmetric to polyhedral angle A^ as arranged in 
the figure ; and 

(4) AiBi : A2B2 = the ratio of similitude. 

Proof. 1. Let the polyhedra be placed in perspective (§ 259), 

the center of similitude, AiB^Ci and A^^^s 

on one side of 0, and A^B^C^ on the other. 

2. Then as in IV, prop. XX, A^B^ II A2B2 II ^s A and 

A-4i II A^2 II A^8. 

3. .-. Z ^i^i-Di = Z A^2 A = ^ A^sA , and similarly 
for other face angles, which proves (1). VI, prop. V 

4. The trihedral Z ^1 = Z ^2 because the face A are 
respectively equal and similai-ly placed, and is sym- 
metric to Z ^8 because the face angles ai'e respec- 
tively equal and placed in reverse order. 

Prop. XXI, cor. 

5. So for the other trihedral A, And •.' polyhedral 
A, as A; A? A> can be cut into congruent or 
symmetric trihedral A similarly placed, as by the 
planes A^C^Di, A2C2D29 ^s^sA; they too are con- 
gruent or symmetric. 

.6. .'. the dihedral A are equal, which proves .(2), and 
the corresponding polyhedral A are congruent or 
symmetric, which proves (3). 

7. The corresponding edges, as AiB^ A2B2, A^B^^ 
being corresponding sides of similar A OAiBi, 
OA2B2, OA^Bs, have the ratio of similitude, which 
proves (4). 
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Corollaries. 1. If the ratio of similitude is 1, the poly- 
hedra are either congruent or symmetric, 

2. Corresponding faces of similar polyhedra are propor- 
tional to the squares of any two corresponding edges. 
Step 7, and V, prop. IV. 

Proposition XXX. 

501. Theorem. Two similar polyhedra can be divided 
into the same number of tetraJiedra similar each to each 
and similarly placed. 

Proof. 1. In the figure below, the plane of Ai, Ci, D^ and the 
plane of A^, C^, D^ cut off tetrahedra AiBiCiDu 

2. Any point Pi in the one has a corresponding point 
Pg ill the other, such that OFi : OF^ = the ratio of 
similitude. Why ? 

3. Hence the tetrahedra are similar. 



Proposition XXXI. 

502. Theorem. The volumes of similar polyhedra are to 
each other as the cubes of their co7'responding edges. 




Given the similar polyhedra AiBiCi , ^2^2 ^2 ) 

A^BsCs , having volumes Vi, Vg, v^, respec- 
tively. 
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To prove that v^ : Vg = AiB^^ : A^B^ , Vi : v^ = AiBi^ : A^B^, 

Proof. 1. Place the polyhedia in perspective, as in the figure, 
the center of similitude being 0. 
Divide the polyhedra into similar tetrahedra, simi- 
larly placed, AiBiCiDi, ^2^2 ^2 A? A^B^CzD^, being 
corresponding tetrahedra. Prop. XXX 

Let ti, t^, t^ represent the volumes of these respec- 
tive tetrahedra, pi, p^, pz their altitudes from Di , 
i>2, jOg, and «!, a2> ^s the areas of ^AiBiCi, 

-^2'^2^2> A^B^Lf^, 

2. Then 'z t^ = ^Pidi, 
and ^2 = J i^2^2 ) 

.-. ti:t2 = Pxf^x'P^i' 

3. But «! ; a^ = A^B^ : A^B^^, V, prop. IV 

and pi :p2 = A^i : A^2 = ^1^1 ' ^2^- 

IV, prop. XX 

4. .'. pidi :/?2«2 = ^1^1' '• A2B,/. IV, prop. VII, cor. 
6. .-. j5i : ^2 = ^1^1^ : ^2^^ From steps 2, 4 

Similarly the other tetrahedra are proportional to 
the cubes of their corresponding edges, which edges 
are proportional to the particular edges AiBi and 
A2B2. 

6. .'. the sum of the tetrahedra making up the polyhe- 
dron AiBiCi has the same ratio to the sum of 

the tetrahedra making up the polyhedron i^gi^gCg 

as AiBi^ has to ^2 ^2^5 01 

Vi\V2 = AiB^ : A^B^, 
Similarly Vi : Vg = A^B^ : A^B^^ 

V2 : Vq = ^2^2' : ^8^8^ 

= X>2^2 • BgCfi , 

= CaA^ : CsA', etc. 
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Proposition XXXII. 

503. Theorem. Any two spheres are similar. 

Proof. Let the spheres be placed in concentric position. 

Then *.' the ratio of their radii is constant any 
point on the surface of the one has on the surface 
of the other its similar point, with respect to the 
center, the ratio'being r^ir^. 
.'. the spheres are similar. 



Proposition XXXIII. 

504. Theorem. Two right circular cylinders are similar 
if their elements have the same ratio as the radii of their 
bases. 




Proof. 



1. Let the cylinders have the radii r^, rg, and the alti- 
tudes Aj, ^2? respectively, and be placed with their 
axes in the same line, their mid-points coincid- 
ing at 0. 

Let the semi-altitudes be OAi, OA2, and let aline 
from O cut the bases in B^, B2, not necessarily 
on the circumferences, and one from O cut the 
cylindi-ical surfaces in C,, Cg, respectively. 

2. Then '.* the altitudes are proportional to the radii, 
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.'. OAi : OA2 = Vi : r^. 
And -rA^B^WA^B^, Why? 

,\OBi: OB2 = OA^ : OA^ = r^ : r^. IV, prop. X 

3. And '.' the axes coincide .'. the elements are parallel, 
and .-. OCii OCg = rj : t-j. 

.*. the points of the respective cylinders are similar 
with respect to O as a center. 

Corollaries. 1. The areas of the cylindrical surfaces of 
two similar cylinders are proportional to the squares of their 
altitudes. 

For ai = 2 rtrihi and Oa = 2 nr^hz. 

flj _ r-Ji\ 

But '-'- = ¥ l>y prop. XXXIII, 

f2 rl2 

2. The volumes of two similar right circular cylinders are 
proportional to the cuhes of their altitudes. 



Proposition XXXIV. 

505. Theorem. Two right circular cones are similar if 

their altitudes have the same ratio as the radii of their 

bases. 

Place the bases in concentric position. The proof is then so similar to 
that of prop. XXXIII that it is left for the student. 

Corollaries. 1. The areas of the surfaces of two similar 
right circular cones are proportional to the squares of their 
altitudes, 

2. The volumes of two similar right circular cones are pro- 
portional to the cuhes of their altitudes. 
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EXERCISES. 

750. The mean radii of the earth and moon are respectively 3956 
miles, 1080.3 miles. Show that their volumes are as 49 to 1, nearly. 

751. The mean diameter of the planet Jupiter being 86,657 miles, 
find the ratio of its volume to that of the earth. 

752. The sun's diameter is about 109 times the earth's. Find the 
ratio of their volumes. 

753. What is the radius of that sphere whose number of square units 
of surface equals the number of cubic units of volume ? 

754. Also of that whose number of cubic units of volume equals the 
number of square units of area of one of its great circles. 

755. Also of that whose number of cubic units of volume equals the 
number of linear units of the circumference of a great circle. 

756. Two planes cut a sphere of radius 1 m, at distances 0.8 m and 
0.5 m from the center. Find (1) the area of the zone between them, 
(2) the volume of the corresponding spherical segment. 

757. A solid cylinder 20 cm long and 2 cm in diameter is terminated 
by two hemispheres. The solid is melted and molded into a sphere. 
Find the diameter of the sphere. 

758. A meter was originally intended to be 0.0000001 of a quadrant 
of the circumference of the earth. Assuming it to be such, and the earth 
to be a sphere, find its radius in kilometers. 

759. A cone, a sphere, and a cylinder have the same altitudes and 
diameters. Show that their volumes are in arithmetical progression. 

760. Given a sphere of radius 10. How far from its center must the 
eye be in order to see one-fourth of its surface ? 

761. If a tetrahedron is cut by a plane parallel to one of its faces, the 
tetrahedron cut off is similar to the first. 

762. The areas of the surfaces of two similar polyhedra are proportional 
to the squares of their corresponding edges. 
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506. NUMERICAL TABLES. 

FoBMDLiE OP Mensuration. The numbers refer to the pages. Ab- 
breviations : 6, base ; hy altitude ; r, radius ; a, area ; c, circumference ; 
p, .perimeter ; s, slant height ; », volume ; m, mid-section. 

Parallelogram, 202, a = bh. Circle, 217, 224, c = 2 wrr. 

Triangle, 202, a = \hh. a = nr^. 

Trapezoid, 202, a = i (6 + 6') h. Arc, 223, =a-r. 

Parallelepiped, 307, i> = hh. 

Prism, 307, %> = hh. 

Lateral area, right prism, 298, a = ph. 
Prismatoid, 314, i> = J ^ (5 + 6' + 4 m). 

Pyramid, 313, v = ^hh. 

Lateral area, regular pyramid, 309, a = ip«. 

Frustum of pyramid, 315, i> = i A (6 + 6' + ^W). 

Lateral area, frustum of regular pyramid, 309, a = i (p + p') «. • 
Right circular cylinder, 324, 325, v = 6^ = itr'^h. Lateral a = cA = 2 itrh. 
Right circular cone, 324, 325, tj = ^6^ = ^ nr^h. 

Lateral a = i c« = itrs. 
Frust. of rt. circ. cone, 325, v = ^nh (n^ + rg^ + nr^). 

Sphere, 365, 360, v^^nr^. a = 4 nr'^. 

Lune, 366, a = 2 ar'^. 

Spherical polygon, 356, a = ar^. 

Zone, 356, a = 2 itrh. 

Spherical segment, 363, d = J ;r^ [3 (n^ + rg^) + ^2]. 

Spherical sector, 362, w = f ;rr2^ = i &r. 

Most Important Expressions involving it. 

It = 3. 141693. l/it = 0.31830989. 180°/ it = 57°.29578. 

it/4 = 0.785398. it^ = 9.86960440. ;r/ 180 = 0.01745. 

it/S = 1.047198. VS = 1.77245385. Approximate values ; 

iit = 4.188790. 1 / V;r = 0.56418968. it = V- = 3|, ff f . 

Certain Numerical Results frequently used. 
V^= 1.4142. VT0 = 3.1623. Vs =1.7100. 

V3 = 1.7321. VJ = 0.7071. V6 = 1.8171. 

V6 = 2.2361. V^ = 1.2599. V7 = 1.9129. 

V6 = 2.4495. V^ = 1.4422. V9 = 2.0801. 

V7 =2.6458. Vi =1.5874. VlO = 2.1544. 
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507. BIOGRAPHICAL TABLE. 

The following table mcludes only those names mentioned in this work, 
although numerous others might profitably be considered by the student. 
The history of geometry may be said to begin in Egypt, the ^ork of 
Ahmes, copied from a treatise of about 2500 b.c, containing numerous 
geometric formulsB. The scientific study of the subject did not begin, 
however, until Thales visited that country, and carried the learning of 
the Egyptians back to Greece. The period of about four hundred years 
from Thales to Archimedes may be called the golden age of geometry. 
The contributions of the latter to the mensuration of the circle and of 
certain solids practically closed the scientific study of the subject in 
ancient times. Only a few contributors, such as Hero, Ptolemy, and 
Menelaus, added anything of importance during the eighteen hundred 
years which preceded the opening of the seventeenth century. Within 
the past three hundred years several important propositions and numerous 
improvements in method have been added, but the great body of ele- 
mentary plane geometry is quite as Euclid left it. In recent times a 
new department has been created, known as Modem Geometry, involving 
an extensive study of loci, collinearity, concurrence, and other subjects 
beyond the present range of the student's knowledge. 

The pronunciations here given are those of the Century Cyclopedia of 
Names. The first date indicates the year of birth, the second the year of 
death. All dates are a.d. unless the contrary is indicated by the sign — . 
The letter c. stands for circa, about, b. for bom, d. for died. Numbers 
after the biographical note refer to pages in this work. 

Key. L. Latin, G. Greek, dim. diminutive, fem. feminine, 
a fat, & fate, a far, S. fall, & ask, a fare, 
e met, 6 mete, e fier, i pin, i pine, o not, 
6 note, 6 move, 6 nor, u tub, u mtiie, u puU. 

A French nasalizing n. ch German ch. 

8 as in leisure. t as in nature. 

A single dot under a vowel indicates its abbreviation. 
A double dot under a vowel indicates that the vowel approaches the 
short sound of u, as in put. 



BIOGRAPHICAL TABLE. 373 

Ahmes (a'mes). c. — 1700. Egyptian priest. Wrote the oldest 

extant work on mathematics 221 

Anaxagoras (an-aks-ag'O-ras). - 499, — 428. Greek philosopher 

and mathematician 225 

Archimedes (ar-ki-m6'dSz). — 287, — 212. Syracuse, Sicily. The 

greatest mathematician and physicist of antiquity . 87, 221, 353, 354 
Aryabhatta (ar-ya-bha'ta). b. 476. One of the earliest Hindu 

mathematicians. Wrote on Algebra and Geometry 221 

Bhaskara (bhaslcar-ra). 12th cent. Hindu mathematician . . . 104 
Brahmagupta (brah-ma-gop'ta). b. 598. Hindu mathematician. 
One of the earliest Indian writers 143, 221 

Camot (kar-n6'), Lazare Nicholas Marguerite 1753, 1823. French 
physicist and mathematician. Contributed to Modem Geom- 
etry 241, 242 

Cavalieri (ka-va-l6-a'rS), Bonaventura. 1598, 1647. Prominent Ital- 
ian mathematician 351 

Ceulen (koi'len), Ludolph van. 1540, 1610. Dutch geometrician . 221 
Ceva (cha'va), Giovanni. 1648, c. 1737. Italian geometrician, 239, 241 
Dase (da'ze), Zacharias. 1824, 1861. Famous German computer . 221 
Descartes (dar-karf), Ren6. 1596, 1650. Eminent French mathe- 
matician, physicist, and philosopher. Founder of the science of 

Analytic Geometry 285 

Euclid (u'klid). c. — 300. Eminent writer on Geometry in the 
Alexandrian School, at Alexandria, Egypt. His "Elements," 
the first scientific text-book on the subject, is still the standard 

in the schools of England 76, 152, 208 

Euler (oi'ler), Leonhard. 1707, 1783. Swiss. One of the greatest 

mathematicians of modern times 99, 108, 285, 289 

Gkiuss (gous), Karl Friedrich. 1777, 1855. German. One of the 

greatest mathematicians of modem times 208, 212 

Hero (hg'rO) of Alexandria. More properly Heron (he'ron). c. — 110. 

Celebrated Greek surveyor and mechanician 221, 227 

Hippocrates (hi-pok'ra-tez) of Chios, b. c. — 470. Author of the 

first elementary text-book on Geometry 230 

Jones (j6nz), William. 1675-1749. English teacher 221 

Klein (klin), Christian Felix. 1849. Professor at Gottingen . . 225 
Leibnitz (lib'nits), Gottfried Wilhelm. 1646, 1716. Equally cele- 
brated as a philosopher and a mathematician. One of the founders 

of the science of the Calculus 23, 182 

Lindemann (lin'de-man), Ferdinand, b. 1852. German professor 225 
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Meister (mis'ter), Albrecht. 1724-1788. German mathematician . 98 

MenelaiLs (men-e-la'us). c. 100. Greek mathematician and astrono- 
mer. One of the early writers on Trigonometry . . 240, 242, 243 

Metius (metlus). Anthonisz, Adrisen. Called Metius from Metz, 
his birthplace. 1627-1007 221 

Monge (mdnzh), Gaspard. 1746, 1818. French. Founder of the 
science of Descriptive Geometry. One of the founders of the 
Polytechnic School of Paris 97 

ainopides (6-nop'i-d6z). c. - 465. Early Greek Geometer ... 72 
Pascal (pas-kal'), Blaise. 1623, 1662. Celebrated French mathemati- 
cian, physicist, and philosopher 241 

Plato (pla'tO). c. - 429, - 348. Greek philosopher and founder 

of a school that contributed extensively to Geometry, 68, 106, 152, 286 
Pothenot (p0-te-n6'), Laurent, d. 1732. French professor . . .157 
Ptolemy (tol'e-mi). Claudius Ptolemaeus. 87, 165. One of the 
greatest of astronomers, geographers, and geometers of the later 

Gi-eeks 221,228 

Pythagoras (pi-thag'o-ras). c. — 580, c. — 601. Founder of a cele- 
brated school in Lower Italy. One of the foremost of the early 
mathematicians 49, 103, 286 

Richter (rich'ter). 1854. German computer 221 

Thales (tha'lez). - 640, - 548. One of the Seven Wise Men of 
Greece. Introduced the study of Geometry from Egypt, 26, 117, 131 

Vega, Georg, Freiherr von. .1756-1802. Professor of mathe- 
matics at Vienna 221 
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This table includes such of the pronunciations and etymologies of the 
more common terms of Geometry as are of greatest value to the student. 
The equivalent foreign word is not always given, but rather the primitive 
root as being more helpful. The pronunciations and etymologies are 
those of the Century Dictionary. See Biograpliical Table, p. 372. 



Abscissa (ab-sis^a). L. cut off. 
Acute (a-kuf). L. aciUus, sharp. 
Adjacent (a-ja'sent). L. ad, to, + 

jacere, lie. 
Angle (ang'gl). L. angulus, a cor- 
ner, an angle ; G. ankylos, bent. 
Antecedent (an-t6-se'dent). L. ante, 

before, + cedere, go. 
Bisect (bi-sekf). L. 6i-, two-, + 

sectas, cut. 
Center (sen'ter). L. cerrfntm, center; 

G. Arenircm, from kenfein, to prick. 
Centroid (sen'troid). G. k&ntron, 

center, -f- eidos, form. 
Chord (k6rd). G. chorde, string. 
Circle (sirld). L: circuliLSy dim. of 

circus (G. kirkoa), a ring. 
Circumference (s6r-kum'fe-rens). 

L. circum, around (see Circle), 

+ ferre, to bear. 
CoUinear (ko-lin'6-ar). L. com-, 

together, + linea, line. 
Commensurable (kg-men'§u-ra-bl). 

L. com-, together, -|- mensurare, 

measure. 
Complement (kom'ple-ment). L. 

complemeTUurrij that which fills, 

from com- (intensive) + plerCy fill. 



Concave (kon'-kav). L. com- (in- 

. tensive) -f- carms, hollow. 

Concentric (kpn-sen'trik). L. con-, 
together, -f- centrum, center. 

Concurrent (kpn-kur'ent). L. con-, 
together, -f- currere, run. 

Concyclic (kon-sik'lik). L. con-, 
together, + cyclicus, from G. 
kyklikos, from kyklos, a circle, 
related to kyliein, roll (compare 
Cylinder). 

Congruent (kong'gr^nt). L. con- 
gruere, to agree. 

Consequent (kon's6-kwent). L. 
con-, together, -f- sequi, follow. 

Constant (kon'stant). L. con-, to- 
gether, + stare, stand. 

Converse (kon'vers). Xt- con-, to- 
gether, -f- vertere, turn. 

Convex (kon'veks). L. convexus, 
vaulted, from conr, together, + 
vehere, carry. 

Corollary (kor'q-la-ri). L. corolla- 
rium, a gift, money paid for a 
garland of flowers, from corolla, 
dim. of corona, a crown. 

Cylinder (sil'in-der). G. kylindros, 
from kyliein, roll. 
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Decagon (dekVgon). 6. deka, ten, 

+ gonia, an angle. 
Degree (d6-gr6'). L. de, down, + 

gradus, step. 
Diagonal (di-ag'O-nal). G. dia, 

through, + gonia^ a corner, an 

angle. 
Diameter (di-am'e-ter). G. dia, 

through, + metron^ a measure. 
Dihedral (di-he'dral). G. di-, two, 

+ hedra, a seat. 
Dimension (di-men'shpn). L. dis-, 

apart, + metiri, measure. See 

Measure. 
Directrix (di-rek'triks). L. fem. 

of director, from directus, direct. 
Dodecahedron (d6"dek-a-h6'drpn). 

G. dodeka, twelve, + hedra, a 

seat. 
Equal (g'kwal). L. cequalis, equal, 

from cequiLS, plain. 
Equiangular (fi-kwi-ang'gu-liir). L. 

oequiLS, equal, + anguliLS, angle. 
Equilateral (6-kwi-lat'e-ral). L. 

(jsquus, equal, + latus^ side. 
Equivalent (6-kwiv'a-lent). L. 

(jsquus, equal, + voZere, be strong. 
Escribed (es-kribd'). L. e, out, + 

scriberey write. 
Excess (ek-ses'). L. ex, out, + 

cedere, go ; i.e. to pass beyond. 
Frustum (frus'tum). L. a piece. 
Generatrix (jen'e-ra-triks). L. fem. 

of generator^ from generare,heget, 

from genus, a race. 
Geometry (j6-om'e-tri). G. ge, the 

earth, + metron, a measure, 
-gon, a termination, G. gonia, an 

angle. 
Harmonic (har-mon'ik). G. ?iar- 

monia, a concord, related to har- 

mos, a joining. A line divided 



internally and externally in the 
ratio 2 : 1, is cut into segments 
representing 1, f, i. Pythago- 
ras first discovered that a vibrat- 
ing string stopped at half its 
length gave the octave of the 
original note, and stopped at 
two-thirds of its length gave 
the fifth. Hence the expression 
'* harmonic division " of a line. 

Hemisphere (hem'i-sf6r). G. hsmi^, 
half, -I- sphaira, a sphere. 

-hedron, a termination, G. hedra, 
a seat. 

Hepta-, in combination, G. seven. 

Hexa-, in combination, G. six. 

Hexagram (hek'sa-gram). G. hex, 
six, -I- gramma, a line. 

Hypotenuse (hi-pot'e-nus). G. hypo, 
under, -|- teinein, stretch. 

Inclination (in-kli-na'shpn). L. in, 
on, -H dinare, lean. 

Incommensurable (in-k6-men'su- 
ra-bl). L. ivr-, not, -f- com-, to- 
gether, -f- mensurare, measure. 

Infinity (in-fin'.i.-ti). L. iri-, not, 
-f- finitus, bounded. 

Inscribed (in-skribd'). L. in, in, 
+ scribere, write. 

Isosceles (i-sos'e-l6z). G. isoa, 
equal, + skelos, leg. 

Lateral (lat'e-r|^). L. latus, a 
side. 

Locus (lO'kus). L. a place. Com- 
pare locality. 

Lune (lun). L. luna, the moon. 

Major (ma'jor). L. greater, com- 
parative of magnu8, great. 

Maximum (mak'si-mum). L. great- 
est, superlative of magnus, 
great. 

Mean (m6n). L. medim, middle. 
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Measure (inejh'ur). L. mensura, 

a measuring. See Dimension. 
Median (m6'di-an). See Mean. 
Mensuration (men-su-ra'shqn). See 

Measure. 
Minimum (min^i-mum). L. least. 
Minor (mi'uor). L. less. 
Nappe (nap). French, a clotli, 

sheet, surface. 
Oblique (pb-lek' or pb-lik'). L. 06, 

before, + liquis^ slanting. 
Obtuse (ob-tus'). L. Musus, blunt, 

from 06, upon, + tuvdere, strike. 
Octo-, octa-, in combination, L. and 

G., eight. 
Opposite (op'6-zit). L. 06, before, 

against, + ponere, put, set. 
Ordinate (dr'di-nat). L. ordo {or- 

din-), a row. 
Orthocenter (dr'thO-sen-ter). G. 

ortho-, straight, + kentron,centeT. 
Orthogonal (6r-thog'o-nal). G. 

ortfu)Sy right, + gonia, an angle. 
Parallel (par'ar-lel). G. para^ be- 
side, + alldon, one another. 
Parallelepiped (par-a-lel-e-pip'ed or 

-pi'ped) . Gr . paraXlelos, parallel, 

+ epipedon, a plane surface, from 

epi, on, + pedon, ground. 
Parallelogram (par-ar-lero-gram). 

G. paralleloSy parallel, + gramma, 

line. 
Pedal (ped'ai or p6'dal). L. pedor- 

Zi«, pertaining to the foot, from 

pes (ped-), foot. 
Pencil (pen'sil). L. penicillum, a 

painters' pencil, a brush. 
Perigon (per'i-gon). G. peri, 

around, + gonia, a comer, angle. 
Perimeter (pe-rim'e-ter). G. peri, 

around, + metron, measure. 
Perpendicular (per-pen-dik u-lar). 



L. perpendiculum, a plumb-line, 
from per, through, -f- pertdere, 
hang. 

Perspective (p6r-spek'tiv). L. per, 
through, -f- specere, see. 

7e (pT). Initial of Cr. peripJiereia, 
periphery, circumference. 

Pole (p5l). G. polos, a pivot, hinge, 
axis, pole. 

Polygon (poll-gon). G. polys, 
ii^iSLny, + gonia, comer, angle. 

Polyhedron. (pol-i-h6'drpn) G. 
polys, many, -f- hedra, seat. 

Postulate (pos'tu-lat). L. postula- 
tum, a demand, from poscere, 
ask. 

Prism (prizm). G. prisma, some- 
thing sawed, from priein, saw. 

Prismatoid (priz'ma^toid). G. pris- 
ma (U), -f- eidos, form. 

Projection (pro-jek'shpn). L. pro, 
forth, -f- ja^ere, throw. 

Pyramid (pir'a-mid). G. pyramis, 
a pyramid, perhaps from Egyp- 
tian pir-em-iLS, the slanting edge 
of a pyramid. 

Quadrant (kwod'rant). L. quad- 
ran(t-)s, a fourth part. See 
Quadrilateral. 

Quadrilateral (kwod-ri-lat'e-ral). L. 
qiiattuor (quadri-), four, + lotus, 
(later-), side. 

Radius (ra'di-us). L. rod, spoke 
of a wheel. 

Ratio (ra'shio). L. a reckoning, 
calculation, from reri, think, 
estimate. 

Reciprocal (r6-sip'r6-kal). L. re- 
ciprocus, returning, from re-, 
back, and pro, forward, with 
two adjective terminations. 

Rectangle (rek'tang-gl). L. rectus. 



378 



TABLE OF ETYMOLOGIES. 



right, + angtUuSj an angle. See 
Angle. 

Rectilinear (rek-ti-lin' .-lir). L. rec- 
tus, right, + linea, a line. 

Reflex (re'fleks or re-fleks^. L. 
re-, back, + flectere, bend. 

Regular (reg^Q-lkr). L. regula, a 
rule, from regere, rule, govern. 

Rhombus (rom'bus). G. rkombos^ 
a spinning top. 

Scalene (ska-lSn^. G. skalenos, 
uneven, unequal ; related to akel- 
lo8^ crooked-legged. 

Secant (se'kant). L. aecare, cut, 
as also Sector, Section, Seg- 
ment. 

Segment (seg'ment). See Secant. 

Semicircle (sem'i-ser-kl). L. semi-, 
half, + circulus, circle. 

Similar (siml-llir). L. similis, like. 

Solid (solid). L. solidus, firm, 
compact. 

Sphere (sfer). G. sphaira, a ball. 

Square (skwar). L. quadra, a 
square, from quattuor, four. 

Straight (str&t). Anglo-Saxon, 
streht, from streccan, stretch. 

Subtend (sub-tend^. L. sub, under, 
4- tendere, stretch. 

Successive (suk-ses'iv). L. sub, un- 
der, + cedere, go. 

Sum (sum). L. summa, highest 
part. Compare Summit. 

Superposition (su'per-p6-zish'pn). 
L. super, over, + ponere, lay. 



Supplement (supl6-ment). L. sub., 
under, + plere, fill ; to fill up. 

Surface (ser-ffts). L. superficies, 
surface, from super, above, + 
fades, form, figure, face. 

Symbol (sim^bpl). G. symbolos, a 
sign by which one infers some- 
thing, from syn, together, + bal- 
lein, put. 

Tangent (tan'jent).. L. tangere, 
touch. 

Tetrahedron (tet-ra-h6'drpn). G. 
tetra-, four, + hedra, seat. 

Theorem (th6'6-rem). G. theorema, 
a sight, a principle contemplated. 

Transversal (trans-ver'sal). L. 
trans, across, + vertere, turn. 

Trapezium (trfi-p6'zi-um). G. tror 
pezion, a table, dim. of trapeza, 
a table, from tetra, four, + pous, 
foot. 

Trapezoid (trfi-p6'zoid). G. trapeza, 
table, ^ eidos, form. 

Tri-, in composition, L. tres (tri-), 
G. treis (tri-), three. See Secant, 
-hedron. Angle, for meaning of 
trisect, trihedral, triangle. 

Truncate (trungTcat). L. truncare, 
cut off, from Old L. troncus, cut 
off, mutilated. 

Unique (u-nek'). L. unums, from 
unus, one. 

Vertex (ver'teks). L. vertere, turn. 

Zone (z5n). G. zone, a girdle, 
belt. 
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THIS work aims to cover the subject of elementary algebra 
as given in the high school, academy, and normal school, 
in such a way as thoroughly to fit the student for his college 
course in mathematics. It seeks to present the latest phases in 
the teaching of the subject so far as they seem usable in the 
class-room. 

A few of the distinctive features of the work are the following : 
In accordance with the views of the best educators, it makes clear 
the notion of function as early as possible ; it seeks to reduce the 
number of cases of factoring by combining those with no essen- 
tial difference and by eliminating the unnecessary ones, but it 
introduces and makes practical use of the powerful Remainder 
Theorem ; it gives immediate application of the theory of factor- 
ing and employs it continually throughout the course; it treats 
simple and quadratic equations by modern methods, using graphic 
devices to throw light upon analytic proofs and solutions ; so far 
as possible, it substitutes for the conventional applied problems 
those that appeal to the life of to-day ; it substitutes for the loose 
definitions and proofs too often given, the more scientific treatment 
which characterizes the best French and German works of recent 
times. 

The demand for the authors' Geometry and Higher Arithmetic 
on the part of trained teachers of mathematics has been such as 
to warrant the belief that this work also will find welcome in the 
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«||N the preparation of this work the authors have had in mind the 
■■ needs of the academy, the high school, the normal school, and 
the business college, as these institutions exist in America to-day. 
Accordingly they have striven to eliminate all topics and classes of 
problems which are not found either in common life or in the 
laboratories, or which do not train the mind in logical analysis without 
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which are sure to appeal to all progressive teachers. For example, 
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needed for general information. In the same spirit the subjects of 
exchange, commission, government revenues, discount, etc., have been 
completely modernized, the problems being new and taken from actual 
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Recognizing the fact that no modern educator countenances a 
merely mechanical working for the answer, at least in advanced classes, 
the authors present complete explanations of such subjects as ratio, 
proportion, the roots, series, etc., together with a frank discussion of 
their value. They also set forth the leading methods of attacking 
applied problems, thus giving direction to the student's judgment, but 
leaving him independent of a body of inherited rules which make no 
appeal to his understanding. 

It is hoped that the presence of these modem features may lead to 
the same generous reception of the Higher Arithmetic which has been 
accorded to the authors* " Plane and Solid Geometry " and to their 
** Geometry Tablet." 
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This little book is intended to be used only during review 
and in place of the regular text-book in elementary algebra. 
At this period the teacher is often taxed in the selection of 
the best examples, and the pupil confused and tired by the 
long and scattered review lessons. 

A few illustrative solutions in each of the several topics of 
algebra occupy the left-hand page, while the right-hand page 
is filled with particular examples on the same subject. Thus 
the book is believed to present the essentials of algebra 
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of all teachers of algebra. 

G. F. Cook, Professor of Mathematicsy South West Kansas College^ 
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